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SA-1 Introduction

This supplemental appendix is a comprehensive collection of all our new theoretical results for
nonlinear binscatter estimators with semi-linear covariate-adjustment and random partitioning.
Many of our results contribute to the broader literature on nonparametric estimation and infer-
ence, particularly when using series estimators, and are thus of independent interest outside of
binned scatter plots. To help place our results in the literature, we include a remark labelled
“Improvements over literature” at the end of each technical subsection that discusses in detail the
technical improvements presented in that subsection and gives related references.

Here we give a brief summary of this appendix, including pointers to some of the major new
results. We proceed as follows. The next subsection lists notation used throughout; further no-
tation is defined throughout Section SA-2 and at the outset of Section SA-3. Then, Section SA-2
describes the setup for nonlinear binscatter methods, including the statistical model, parameters of
interest, and assumptions, as well as the (random) partitioning and estimation details. Specifically,
Assumption SA-DGP imposes some basic conditions on the data generating process. Assumption
SA-SM imposes some technical conditions that characterizes and restricts the statistical model
of interest. The loss function specified there is general enough to cover many practically impor-
tant examples such as mean regression, quantile regression, logit/probit estimation, and Huber
regression. Assumption SA-HLE imposes some mild high-level conditions on the estimation proce-
dure. Assumption SA-RP summarizes the key conditions on the partitioning scheme used in our
theory. We allow for a large class of random partitions. Importantly, the “convergence” of the
random partition (Assumption SA-RP(ii)) is not necessary for most of our main theoretical results,
thereby allowing for flexible data-driven partitioning methods, including certain recursive adaptive
partitioning methods: see Devroye et al. (2013), Zhang and Singer (2010), and references therein.

Section SA-3.1 presents some preliminary technical lemmas for analyzing nonlinear binscatter
(and thus also partitioning-based estimators more broadly). New results include precise non-
asymptotic concentration results related to Gram matrices (Lemma SA-3.1), asymptotic variances
(Lemmas SA-3.2 and SA-3.3), approximation errors (Lemma SA-3.4), and uniform convergence
(Lemma SA-3.5). Sharp control of these objects is a crucial ingredient for obtaining results under

weak conditions, as below.



Section SA-3.2 presents a tight uniform (in z) Bahadur representation for nonlinear binscatter
(Theorem SA-3.1). This is our first main result. We allow for random partitions and much weaker
rate restrictions (on the tuning parameter J) than previously imposed in the literature, in addition
to additional controls. The data-dependent partitioning means our series estimator uses random
basis functions, and this is entirely new. In terms of tuning parameter rate restrictions, previous
results required J4/n — 0 (up to log(n) terms) or something stricter, while our restriction is that
Jo /n — 0 (up to log(n) terms), with v > 2 denoting the number of finite moments of the “score”,
and thus may be substantially weaker. Note that our class of models is often broader than prior
work also. Importantly, our results can now allow for piecewise constant binscatters, i.e., with
degree p = 0, which is excluded by prior results in the literature (i.e., for previous technical results
there was no sequence J — oo such that the bias and variance are simultaneously controlled).
In addition, employing our novel uniform Bahadur representation, we can establish the uniform
convergence rates of nonlinear binscatter (Corollary SA-3.1) and variance estimators (Theorem
SA-3.2) under similarly weak restrictions.

Section SA-3.3 studies the pointwise distributional approximation for nonlinear binscatter esti-
mators. These results are omitted from the main paper to save space, but are standard properties of
interest in the nonparametrics literature and thus are included for completeness. The main result is
Theorem SA-3.3, which establishes pointwise asymptotic Normality for our point estimators, again
allowing for random (and possibly “non-convergent”) partitions, and under mild rate restrictions
similar to those for the (uniform) Bahadur representation.

Section SA-3.4 presents a new Nagar-type approximate IMSE expansion for nonlinear binscatter
estimators with semi-linear covariate-adjustment and random partitions (Theorem SA-3.4), which
has no antecedent in the literature. Our results can be used to design data-driven procedures for
selecting IMSE-optimal choices of tuning parameters for nonlinear binscatter. Again, these results
are novel in their breadth, the weakness of the assumptions, and the conditions on the partitioning.
Here we do require an extra assumption on the partitioning in order to characterize the leading
terms in the expansion: intuitively, the random partitioning must “settle” to a population partition
so that the leading constants of the expansion can be expressed. For example, sample quantiles
converge to population quantiles, so this assumption is satisfied.

Uniform inference is dealt with in the next several sections of this appendix. First, Section SA-3.5



establishes a uniform (in z) distributional approximation for nonlinear binscatter estimators. The
two main results, which are combined into one in the main text (Theorem 2), are the (conditional)
strong approximation in Theorem SA-3.5 and the feasible implementation thereof in Theorem SA-
3.6. Again, We allow for a large class of random partitions, a broad class of (possibly) nonlinear and
nonsmooth models, and additional controls. Here the partitions do not need to be “convergent” in
any sense. These results are obtained under weak assumptions, including in particular mild rate
restrictions, as in the case of the uniform Bahadur representation, all of which improves on the
literature in various directions as explained in the text below. Finally, Theorem SA-3.7 shows a
distributional approximation for the suprema of the t-statistic processes in the case of the convergent
partition (as in the previous paragraph).

Sections SA-3.6-SA-3.8 employ the strong approximation results to study uniform inference for
various parameters of interest in the specific context of nonlinear binscatter. These results rely
on, and inherit the novelty of, Theorems SA-3.5 and SA-3.6. New results include valid uniform
confidence bands (Theorem SA-3.8), consistent hypothesis tests about parametric specification
(Theorem SA-3.9) and tests for shape restrictions (Theorem SA-3.10). All these results explicitly
account for the possibly random partitioning scheme and semi-linear covariate-adjustment with
random evaluation points.

Section SA-4 discusses implementation details for nonlinear binscatter, including standard error
computation, feasible data-driven number of bins selector, and choices of polynomial orders given
a fixed number of bins. For a more explicit treatment of the package binsreg per se, see Cattaneo
et al. (2024a) and https://nppackages.github.io/binsreg/.

Finally, Section SA-5 contains the proofs for all the technical results in Section SA-3.

SA-1.1 Notation

See van der Vaart and Wellner (1996), Bhatia (2013), Giné and Nickl (2016), and references therein,
for background definitions.

Matrices and Norms. For (column) vectors, || - || denotes the Euclidean norm, || - ||; denotes
the L; norm, ||-||s denotes the sup-norm, and || - ||o denotes the number of nonzeros. For matrices,
|| - || is the operator matrix norm induced by the Lo norm, and || - ||« is the matrix norm induced

by the supremum norm, i.e., the maximum absolute row sum of a matrix. For a square matrix
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A, Anax(A) and Apmin(A) are the maximum and minimum eigenvalues of A, respectively. [Al];;
denotes the (i,j)th entry of a generic matrix A. We will use S” to denote the unit circle in
RE ., |la]| = 1 for any a € S'. For a real-valued function g(-) defined on a measure space
Z, let |lgllo2 == (Jz |9|2dQ)/? be its Ly-norm with respect to the measure Q. In addition, let
9lloe = sup,cz |g(2)| be Loo-norm of g(-), and if g is a univariate function, let ¢()(2) = dg(z)/dz"
be the vth derivative for v > 0.

Asymptotics. For sequences of numbers or random variables, we use l,, < m,, to denote that
lim sup,, |l,,/my,| is finite, I, Sp m,, or l,, = Op(m,,) to denote lim sup,_, . limsup,, P[|l,,/m,| > €] =
0, I, = o(my,) implies I, /m,, — 0, and l,, = op(m,,) implies that l,,/m,, —p 0, where —p denotes

> my, if m, <

~ ~

convergence in probability. Accordingly, we write [, ln, and 1, Zp my, if my, <p [,.
lp =< m,, implies that [,, < m, and m, < I,.

Empirical Process. We employ standard empirical process notation: Ey[g(v;)] = £ > | g(v;),
and Gp[g(v;)] = ﬁ i1 (g(vi) —E[g(v;)]) for a sequence of random variables {v;}!" ;. In addition,
we employ the notion of covering number extensively in the proofs. Specifically, given a measurable
space (A, A) and a suitably measurable class of functions G mapping A to R equipped with a
measurable envelop function G(z) > Supgeg [9(2)|, the covering number of N(G,L2(Q),¢) is the
minimal number of Ly(Q)-balls of radius £ needed to cover G for a measure Q. The covering number
of G relative to the envelope is denoted as N (G, L2(Q), £|G|lg.2)-

Other. |z] outputs the smallest integer no less than z and a A b = min{a, b}. “w.p.a. 1”7 means

“with probability approaching one”.

SA-2 Setup

Suppose that (y;,z;, w}), 1 <i <n, is a random sample where y; € Y is a scalar response variable,
x; € X is a scalar covariate, and w; € W is a vector of additional control variables of dimension d.
Let D = [(y;, zi, W) i =1,2,...,n].

For a loss function p(+;-) and a strictly monotonic transformation function 7(-), define

(1o(+),v0) = uiﬁiﬁ%d E[P(Z/i} n(p(@i) + Wh))] : (SA-2.1)



where M is a space of functions satisfying certain smoothness conditions to be specified later.

This setup is general. For example, consider 9 = 0. If p(-;-) is a squared loss and 7(-) is the
identity function, po(z) is the conditional expectation of y; given z; = z. Let 1(-) denote the
indicator function. If p(y;n) = (¢ — L(y < n))(y —n) for some 0 < ¢ < 1 and n(-) is an identity
function, then p(x) is the gth conditional quantile of y; given x; = x. Introducing a transformation
function 7(-) is useful. For instance, it may accommodate logistic regression for binary responses.
When ~y # 0, the parametric and the nonparametric components are additively separable, and
thus (SA-2.1) becomes a generalized partially linear model.

Binscatter estimators are typically constructed based on a (possibly random) partition of the

support of the covariate x;. Specifically, the relevant support of x; is partitioned into J disjoint

intervals, leading to the partitioning scheme A= {gl, gz, e ,g 7}, where
~ [6—\]'—177/:3') lfj:LaJ_l
BJ = ’
[Tr-1,77] ifjg=4J

One popular choice in binscatter applications is the quantile-based partition: 7; = F )}1( j/J) with
Fx(u) =n! Yo I(x; < u) the empirical cumulative distribution function and ﬁ)}l its general-
ized inverse. Our theory is general enough to cover other partitioning schemes satisfying certain
regularity conditions specified below. An innovation herein is accounting for the additional ran-
domness from the partition A. The number of bins J plays the role of the tuning parameter for
the binscatter method, and is assumed to diverge: J — 0o as n — oo throughout the supplement,

unless explicitly stated otherwise.

The piecewise polynomial basis of degree p, for some choice of p =0,1,2,..., is defined as
/ /
(15 1@ - 1g@ ] @)1 2 0 @],
where 14(z) = 1(z € A) and ® is the Kronecker product operator. For convenience of later

analysis, we use lA)p,o(:r) to denote a standardized rotated basis, the jth element of which is given by

T — T \i—1-(G-1)(p+1)
731) L oj=1,,(p+1)J,

VT x ]lgj(x) X < —

J



where j = [j/(p+1)], [] is the ceiling operator, and ﬁj = 7; — 7j_1- Thus, each local polynomial
is centered at the start of each bin and scaled by the length of the bin. v/J is an additional scaling
factor which helps simplify some expressions of our results. The standardized rotated basis Bp,() (x)
is equivalent to the original piecewise polynomial basis in the sense that they represent the same
(linear) function space.

To impose the restriction that the estimated function is (s — 1)-times continuously differentiable

for 1 < s < p, we introduce the following basis

Sal

~ N AN
bp,S(QE) = (bp,S,l(ﬁ)a SR p,s,Kp,s(x)) = stp,U(x)» Kps = (p+1)J —s(J—1),

where T, := T,(A) is a K, s x (p+ 1)J matrix depending on A, which transforms a piecewise
polynomial basis into a smoothed binscatter basis. Some useful properties of 'i‘s are given in
Lemma SA-5.3 in Section SA-5, and the explicit representation of T, is available in the proof of
Lemma SA-3.2 in Cattaneo, Crump, Farrell and Feng (2024b). When s = 0, we let Ty = Ty,
the identity matrix of dimension (p+1)J. When s = p, Bp78 (x) is the well-known B-spline basis of
order p + 1 with simple knots, which is (p — 1)-times continuously differentiable. When 0 < s < p,
they can be defined similarly as B-splines with knots of certain multiplicities. See Definition 4.1 in
Section 4 of Schumaker (2007) for more details about spline functions. We require s < p, since if
s=p+1, Bp,s (z) reduces to a global polynomial basis of degree p.

Given a choice of basis, we consider the following generalized binscatter estimator:

_ S a B O -
MS,Q (z):= bz(ol,}g ()8, = ar%mm Z p(yl-; n(bpys(xi)'ﬁ + w;'y)), (SA-2.2)
7=l

2)

where BI(,Q (z) = & Bp,s (x) for some v € Z4 such that v < p. This estimator can be written as:

dxv
@) = b)) B, Bi=BA) = argminy_ p(uis nbps(@)B+wA)).  (SA-23)

ﬁERKPvS i=1

The representation (SA-2.3) allows us to be more general and agnostic about the estimation of ~y,
and also simplifies some of the proofs. More specifically, our theory requires only a sufficiently fast

convergence rate of 4 (see Assumption SA-HLE below), which in nonlinear estimation models cases



can be justified in different ways, e.g., joint estimation, backfitting, profiling, and split-sampling,
among other possibilities. Our software implementation (Cattaneo, Crump, Farrell and Feng,
2024a) relies on joint estimation, as done by the default base estimation packages in Python, R, and
Stata.

In this supplement, we focus on estimation and inference of the following three parameters:

(i) the nonparametric component ,u(()v) (x) for any v > 0,

(ii) the level function ¥o(x,w) = n(uo(z) + w'vyp), and
(iii) the marginal effect (o(z,w) = a%n(uo(x) + w'p),

where w is a user-chosen evaluation point of the control variables, and thus these parameters are
viewed as functions of z only in our theory. Nevertheless, all our results are readily applied to other
linear or nonlinear transformations of py(x), such as the higher-order derivatives %n(uo(m) +w'¥p).
Given the binscatter estimates fi, () and 4 in (SA-2.2), the estimators of the three parameters

defined above are given by

~

A (), Dps(x, W) = n(fips(x) +WF), and  Gps(z, W) = 0D (fys(x) + WF)AL (2)

respectively, for some consistent estimate w (non-random or generated based on {w;}? ;) of the
evaluation point w. As a reminder, we need to require p > v to get ﬁ;(,vg (z), p >0 to get 5p75(m, W),
and p > 1 to get Epﬁ(x,\’fv).

Recall that in the main text we always set s = p and omit the dependence of estimators on
s. Thus, i) (z) = A% (x), 9p(z, W) = Upp(z, W), and Cp(z, W) = Cpp(z,W). In this supplement,

however, all our results hold for a general choice of the degree and the smoothness of the basis. For

ease of notation, the subscripts p and s of the above estimators are dropped hereafter:

~

() = a%(2), I(w, W) = Dps(a, W), and ((z,W) = Gpslz, W).

Remark SA-2.1 (Smoothness and Bias Correction). This supplemental appendix presents all
results under general choices of the number of bins J, the degree of the basis p, and the smoothness

of the basis s. By contrast, for simplicity, the main paper employs the basis with the maximum



smoothness, i.e. choosing s = p, and considers the special case in which J is taken to be the
IMSE-optimal choice for a fixed p (see Theorem SA-3.4), and inference is conducted based on the
binscatter basis of degree (p + 1). Such a choice of J guarantees that the smoothing bias of the
binscatter estimator is negligible in inference under mild conditions and thus can be viewed as a

bias correction strategy. _

We first assume the following basic conditions on the data generating process.
Assumption SA-DGP (Data Generating Process).

(i) {(yi,xi,w;) : 1 < i < n} are i.i.d. random vectors satisfying (SA-2.1) and supported on

Y x X X W, where X is a compact interval and VW is a compact set.

(ii) Fx(x) :=Plz; < x| has a Lipschitz continuous (Lebesgue) density fx(x) bounded away from

zero on X.

(i1) Fyxw (ylzi, wi) = Ply; < ylai, wi] has a (conditional) density fy|xw (y|xi, wi) supported on

Vew with respect to some sigma-finite measure, and SUp e x wew SUPyey,., Jy|xw (yle, w) S 1.
Next, we impose several technical conditions related to the statistical model of interest.

Assumption SA-SM (Statistical Model).

(i) p(y;m) is absolutely continuous with respect to n € R and admits a derivative ¥ (y,n) =
Dy — ) (n) almost everywhere. () is continuously differentiable and strictly positive or
negative. '(-) is Lipschitz continuous if Fyxw(ylzi, w;) does not have a Lebesgue density,

or piecewise Lipschitz with finitely many discontinuity points otherwise.

(11) p(y;n(0)) is convex with respect to 0. n(-) is strictly monotonic and three-times continuously

differentiable.

(iii) B[y (yi, n(po(zi) +wWiyo)) s, wi] = 0. For o*(x,w) := E[y)(yi, n(po(z:) + Wivo))?|zi = 2z, w; =
w|, infoex wew o2(z, w) 2 1. ElnM (uo(z:)+wivo)20? (i, w;) |z = x] is Lipschitz continuous
on X, and sup,cy wew B[V (yi, n(po(z:) + W) |z = x,w; = w| S 1 for some v > 2.

E[¢(yi,n)|x; = z,w; = w] is twice continuously differentiable with respect to 1.



() infypex wew 2(x,w) 2 1 and E[»(x;, w;)|x; = x] is Lipschitz continuous on X where »(x, w) :=
Uy (2, wi (o (x)+w'70)) (1) (o (@) +w'70))?, Wiz, win) i= L 0(x, win), and ¥(z, w;n) =

E[y(yi,n)|xi = z, w; = w].
(v) po(+) is s-times continuously differentiable for some ¢ > p+ 1.

Our next assumption imposes mild high-level conditions on the estimator 4 of the coefficient
vector 7p, the estimator w of the evaluation point w for control variables, and the estimator of the

function ¥ defined previously in Assumption SA-SM(iv).

Assumption SA-HLE (High-Level Estimation Conditions).
(i) 17 = Yol Sp vy for vy = o(\/J/n+ J7P7), and |W — w|| = op(1).

(ii) For some estimator Wy of Wy, ||En[Bp’5<xi)6p75($i)/(;\f($i,Wi) — sz, wy)| Sp TP+

(55)"”

where 32(xs, wi) = U1 (s, wis n(f(z:) + W) (0 (i) + wiF))>2.

Note that Y(z,w) = ¥y (x, w; n(uo(z) +wWw'v0)) in the main paper to streamline the presentation.
Part (i) is a mild condition on the convergence of 4 and w. Part (ii) is a high-level condition that
ensures we have a valid feasible estimator of the Gram matrix (Q or Qq defined at the outset
of Section SA-3 below). Note that the convergence rate of n(\)(fi(x;) + w/q) can be deduced
from Corollary SA-3.1 below. Thus, part (ii) can be largely viewed as a restriction on \f/l only.
Note that \Tll does not have to be consistent for ¥; in any sense; it suffices that the estimator
En[Bpﬁ(xi)l;p,s(xi)’%(azi,wi)] based on W) as a whole is consistent. See Section SA-4 for several

examples of the estimator \Tll.

SA-2.1 Partitions

We need some regularity conditions on the partitioning scheme, which can be verified in a case-
by-case basis. We first define a family of “quasi-uniform” partitions for some absolute constant

C>0:
maxi<j<J hji(A)

o = {A : < C}, (SA-2.4)

ming <<y hj(A)
where hj(A) denotes the length of the jth bin in the partition A. Roughly speaking, (SA-2.4)
/

says that the bins in any A € II¢ do not differ too much in length. Also, let X = [z1,...,x,),

W = [Wb'" awn]/ and Y = [3/1,“' ayn]/-

10



Assumption SA-RP (Random Partition).

(i) A LLY|(X, W) and A € Il w.p.a. 1 for some absolute constant C' > 0.

(it) There exists a non-random partition Ag = {By,--- ,B;} with Bj = [1j_1,7;) for j < J —1

DI N < ey for some absolute constant cgy > 0, and

and BJ = [Tj_l,Tj} such that min <<y by >

maxj<;<Jg |iL] — h]‘ Sp J_ltRp fO’F Tgp = 0(1)

Part (i) is the key condition for our main results and will be imposed throughout. First, it
requires that the possibly random partition A be independent of the outcome Y given the covariates
(X, W). This conditional independence assumption is trivially satisfied if A is deterministic (e.g.,
equally-spaced partition) or depends on X and W only (e.g., quantile-spaced partition based on
X). It also holds if a sample splitting scheme is used: a subsample (including the information
about the outcome) is used for constructing the partition, and the other is employed to construct
the binscatter estimator (so that A is independent of the data (X, W,Y)). Second, A is required
to be “quasi-uniform” with large probability. It is trivially true for equally-spaced partitions and
can be verified for quantile-spaced partitions under the mild conditions on the covariates density
imposed before (see Lemma SA-5.2). However, this condition may be too restrictive for other
modern machine-learning-based partitioning methods, in which case some additional regularization
may be necessary to recover the quasi-uniformity property.

Part (ii) requires that the random partition A “stabilizes” to a fixed one in large samples. This
is true if the partition is non-deterministic or generated by sample quantiles (since sample quantiles
converge to population quantiles), but more generally, it is not always possible. Fortunately, this
“convergence” requirement is not necessary for most of our main results (except Theorem SA-3.4
and Theorem SA-3.7). Thus, we will always make it clear if part (ii) of Assumption SA-RP is
imposed.

Given the random partition 3, we use the notation Eﬁ[-] to denote the expectation operator with
the partition A viewed as fixed. To further simplify notation, let izj = 7; —7j—1 be the width of the
jth bin gj, and when the “limiting” partition Ag = {By,--- , B} is defined (Assumption SA-RP (ii)
holds), let h; be the width of B;. Analogously to Bpﬁ(m), b, s(z) denotes the binscatter basis of
degree p that is (s —1)-times continuously differentiable and is constructed based on the nonrandom

partition Ag. We sometimes write by s(z;A) = (bps1(2;A), ..., bps K, (2;A))" to emphasize a

11



binscatter basis is constructed based on a particular partition A. Therefore, prs(x) = b, s(x; 3)
and by, s(z) = by, s(x; Ag). Accordingly, we use T, to denote the transformation matrix based on

the non-random partition Ay (which transforms b, (x) to by, s(z)).

SA-3 Main Results

We introduce the following quantities that will be extensively used throughout the supplement:

ni = n(po(xi) +wivo), 0 = n(i(x:) +wiA),

nix =0 (po(zi) + wive),  ia =0 (le) + wiF),

o (e, w) =M (po(@) + W), Hoale, W) = () +@'F),
fi(z:) = by.s(z:) B, € = Yi — Ny € =i — i,

Qps = Qp (D) == En[bp o (2:)bp s (2:) U1 (i, wis )2 ],

Qp,s == Qps(D) 1= Ey[by s (i) by s () W1 (s, Wi mi)n? ],

Sop.s = Bps(Bo) = E[bp,s@i)bp,s(x»’w(yi,m>2n3,1],

ﬁu(v>,p,s( ) QN(U ).p,s (SC A) ( ) Qp;EP,Sst ps(x)
QM(U>,p,s(x) = Qu(v),n (z; A) ( ) Qp p;Sst ps( ),
Qu(v),p,s(x> = S)M(v>7177 (‘T A) ( ) QD,p 320 pysQO;sbp, ( )

Qo s (@) = Qo pa(: A) 1= [ (fi(w) + WF)?bys () Qp 150 sQp tbyp.s (),
Qs (@) 1= Qo pa(: A) 1= [V (p0(2) + W0))2Dy,e(2) Q) 1 s Qy 1Dy s (),

Qi s () = Qo s (@3 B) 1= 0D () + W0) by (2)' Qg o D0.p,s Qg oPps (),
O ps(@) = Qe pala; A) == V(i) + WF)*b{L () Q, 15, «Q, tbH (),

Qe pos(2) = Qe A) 1= [ (o () + w'y0)2bl () Q, 12, Qb (), and

Qo) 1= Qe ps(; A) == (0D (o(@) + w'y0)]*bL (%) Qp , , L0.,5 QDY ().

)
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Recall that in the main text we always set s = p and omit the dependence on s whenever there

is no confusion. Thus,

o)

p=Qpp, Qp=Qpp: Qop = Qopp;

pps  2p = Dpp, D0op = 20,pp;

M)
M

P

Qu(“),p(’r) = Qp,(”)yp,p(x)7 Qu(”),p(x) = Qu(“)yp,p(x)7 Qu(”),p(x) = QM<U>,p7p(x)’
Qﬁvp(x) = Qﬂ»pvp(x)7 Qﬂ»l’(l’) = Qﬁvpap(aj)7 Qﬁvp(x) = Qﬂ,P:P(‘T)v

QC,p(x) = Qc,p,p(@“% QC,p(x) = Qc,p,p(@“% and QCJ)(@") = QC,p,p(x)~

In this supplement, however, all our results hold for a general choice of the degree and the
smoothness of the basis. For ease of notation, the subscripts p and s of the above quantities are

dropped hereafter:

Quw)(ﬂ«") = ﬁmv),p,s(w)’ Q0 () = Qe (), Qe () = Q0 5 (2),
60(1:) = Qﬂ,p,5($)7 Qﬁ(aj) = Qﬁ,p,S(x)v Qy(z) = Qﬂ,p,s(x);

Q@) = Qe ps(@), Q@) = Qeps(x), and Qe(z) = Qe p o).

In addition, given the family Il of the quasi-uniform partitions defined in (SA-2.4), for any

A €11, we let Bp(A) € RErs be any vector such that for every v < p,

sup 18 (x) — bl (23 AY By(A)| S TP
TrEe

Let 79 (z;A) = u(()v) (x) — bgfs) (z; A) Bo(A) denote the corresponding approximation error. Ac-
cordingly, given the random partition A, we let By := ,80(3), and 79, (z) = ,u[()v) (x) — Bl(yvs) (a:)/,@()
denote the corresponding approximation error. The existence of such vectors is guaranteed by

Assumptions SA-DGP and SA-SM(v), and is verified in Lemma SA-5.5 in Section SA-5.

13



SA-3.1 Preliminary Lemmas

Lemma SA-3.1 (Gram). Suppose that Assumptions SA-DGP, SA-SM, SA-HLE and SA-RP(i)
hold. If 71987 = o(1), then

1 5 Amin(Q) < )\max(Q) 5 1a [Q_l]ij 5 Q'i_j‘ w.p.a. 1a and ||Q_1||oo ,SIP‘ 1a

where p € (0,1) is some absolute constant.

If, in addition, Assumption SA-RP(ii) holds. Then,

1 S )\min(QO) S )\maX(QO) S, 17
_ o 1/2 _ B o 1/2
1Q — Qoll <p (—‘“f") +up, and Q71— Qpltlleo Sp (%) + tp.
The next lemma shows that the limiting variance is bounded from above and below.
Lemma SA-3.2 (Asymptotic Variance). Suppose that Assumptions SA-DGP, SA-SM, SA-HLE

and SA-RP(i) hold. If % =o0(1), then w.p.a. 1,

U2 Sinfrex Q0 (2) < supgey Q0 () S I,
J S infrex Qo() < supgex Q(z) < 7,

J3 Sinfpex Qe(x) < supyer Qc(z) S J3.
If, in addition, Assumption SA-RP(ii) holds, then w.p.a. 1,

U2 Sinfrex Q) (2) < supgey Q0 (2) S I,
J < infaex Qy(x) < supyex Qo(z) S J,

J? <infuex Qe(x) <sup,exy Qe(z) S J3.

The next lemma gives a bound on the variance component of the nonlinear binscatter estimator.

Lemma SA-3.3 (Uniform Convergence: Variance). Suppose that Assumptions SA-DGP, SA-SM,

14



SA-HLE and SA-RP(i) hold. If 71087 — (1), then

=~ ~_ ~ o Jlog J\1/2
sup [B{1) () Q' En[bp.s (zi)mia (i )l Se 77 (o)
zeX n

Lemma SA-3.4 (Projection of Approximation Error). Suppose that Assumptions SA-DGP, SA-

SM, SA-HLE and SA-RP(i) hold. If 72187 — o(1), then

sup D))/ QB [y 1) (it (91 me) = 1 (i)' Bo + wiono) (v 1By (2) Bo + i) ) |

<p Jplte g g (Jlog J)l/2 N Jitv log J.

n n

Lemma SA-3.5 (Uniform Consistency). Suppose that Assumptions SA-DGP, SA-SM, SA-HLE
2v_ _v_
and SA-RP(i) hold. If 72080 — 5(1), then

18 = Bolleo = 0p(J /%) and sup () = po(z)| = op(1).

J%(logt})ﬁ — 0(1)

Remark SA-3.1 (Side rate conditions). When v — oo, the rate restriction -

tends to be % = 0(1). We conjecture this rate restriction is stronger than needed. In fact, for

= o(1) suffices to establish the

piecewise polynomials (i.e., s = 0), we can show that Jﬁ(k;g St

uniform consistency of 3, and this restriction is redundant in our main theorems in view of the

condition w = o(1) imposed below. In other words, in this special case (s = 0), the

2v _v_
condition w = 0(1) in all theorems below can be dropped. -

Our result holds without imposing any smoothness restrictions on the estimation space. Specif-
ically, the estimation procedure (SA-2.3) searches for solutions in R&rs leading to an estimation
space {Bpﬁ(x)’ B : B € RErs}. In contrast, many studies of series (or sieve) methods restrict the
functions in the estimation space to satisfy certain smoothness conditions, e.g., Lipschitz continuity,
to derive the uniform consistency. See, for example, Chernozhukov, Imbens and Newey (2007) and

references therein.

Remark SA-3.2 (Improvements over literature). Most of the results in this subsection are new
to the literature, even in the case of non-random partitioning and without covariate-adjustments,

because they take advantage of the specific binscatter structure (i.e., locally bounded series basis).
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The closest antecedent in the literature is Belloni, Chernozhukov, Chetverikov and Fernandez-Val
(2019), while it focuses on series-based quantile regression only. Furthermore, relative to prior work,
our results allow for random partitioning schemes, formally taking into account both the potential
randomness of the partition and the semi-linear regression estimation structure. Importantly,
we highlight the key conditions on the possibly random partition (Assumptions SA-RP(i) and
SA-RP(ii)) used to derive various properties of the Gram matrix, asymptotic variance and other

quantities. _I

SA-3.2 Bahadur Representation

Theorem SA-3.1 (Bahadur Representation). Suppose that Assumptions SA-DGP, SA-SM, SA-

2v v
Jv=T (logn)v—1

HLE and SA-RP(i) hold and Z2=Josn  Jogw)? | J7 T(ogm) 7T | logn — (1), Thep,

(i) W (x) satisfies that

SUE ’ﬁ(v) (z) — M(()v) (z) + B](va) (z)Q 'En [Bp,s(mi)m,W(ym ?71')]‘
FAS

<p J”{(legn>3/4logn+ T (J1052n>1/2 + I e )

~

(ii) 5(:B,VAV) satisfies that

sup 9(, W) — 9o(z,w) + 7V (10(2) + W'y0)bp s () Q Ep [by ()01 (i, 1i)]
xre

J1 3/4 Jlog? n\1/2 N
,5[@( Og”) 1ogn+J—”—§1( og ”) ST e 4 -l
n n

o~

(iii) ¢(x, W) satisfies that

sup )E(;;:,W) — Go(, w) + 7 (o (x) + w'0)b{!) (rﬂ)'Q_lEn[Bp,s(fvi)m,lw(yi,m)]‘

<p <Jl(;gn)1/2 + J{(Jl(:lgn>3/4logn+ J (‘]1052")1/2 4 grl +w}

/
rhen)'”),

+ HW—WH(l—i—J(

The following corollary is an immediate result of Lemma SA-3.3 and Theorem SA-3.1, and hence
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its proof is omitted.

Corollary SA-3.1 (Uniform Convergence). Suppose that the conditions of Theorem SA-3.1 hold

and J(IOTW < 1. Then

. v of (Jlogn\1/2 e
sup [i)(2) = (@) Se (o) T+ TP,
reX n

; 4 ™ Jlogn 1/2 1
If, in addition, ||w — w| <p (Tg) + J7P~L, then

~ 1 1/2
sup |9z, W) — do(x,w)| Sp (J ogn> +J7P71 and
zeX
_ < p
sup [, ®) = ol w)] Se T ((027) 7).

The next theorem shows that the proposed variance estimator is consistent.

Theorem SA-3.2 (Variance Estimate). Suppose that Assumptions SA-DGP, SA-SM, SA-HLE
and SA-RP(i) hold. If Z2=(osn

1/2
J1 —p—1
<72g"> + J7P7L then

v 2v v
v— v— v— 5 o~
2y St loem oy Jlosm)T |y logn — (1) gnd W — w| <p

~ o Jlogn\1/2
_ < p—1
[ =] se st (5)
~ _ o Jlogny1/2
o < 14+2v p—1
sup Q0 (z) Qum(w)‘ N (J + ( oz ) )>
~ _ J1 1/2
sup |Qy(x) — qu(x)‘ Sp J(prfl + < loan) ), and
reX n- v
~ _ o Jlogn\1/2
sup Qc(w)—Qc(ﬂﬂ)‘ Se JS(J Pt (71_% ) )
reX n- v

If, in addition, Assumption SA-RP(ii) holds, then

. J1 1/2
HE—EOH Sp J_p_1+( ogn) + Trp,

2
nt=v

~ . Jlogn\1/2
_ < 1+2v p—1
sup Q0 (#) = Q) (l’)‘ N (J + ( -2 ) +tnp)7
~ J1 1/2
sup [ (2) = Qu(@)| 5o (777 4 (55) T He), and
reX n- v
~ e Jlogny1/2
sup |Q¢(x) — Qg(a:)‘ <p J3(J p=1 4 < 17% ) + tRp>.
zeEX n- v
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Remark SA-3.3 (Improvements over literature). Theorem SA-3.1 and Corollary SA-3.1 construct
the Bahadur representation and uniform convergence of nonlinear binscatter-based M-estimators,
which improve upon prior results in the literature in at least two aspects. First, our results allow
for random partitioning schemes, and the key condition imposed on the partition is Assumption
SA-RP(i), i.e., the conditional independence between the partition and the outcome and the quasi-
uniformity of the partition. The “convergence” of the random partition (Assumption SA-RP(ii)) is
not required, which implies that our results can accommodate more complex partitioning schemes
other than evenly-spaced or empirical-quantile-spaced partitions.

Second, our results are established under weaker rate restrictions. Specifically, we require J 3 /n =
o(1) up to log n terms when v > 4, thus accommodating IMSE-optimal piecewise constant binscatter
estimators. In fact, for piecewise polynomials (s = 0), we can show that the Bahadur representation
still holds under J/n = o(1) up to logn terms when a subexponential moment restriction holds for
the “score” 1 (y;,n;), which is analogous to the result for kernel-based estimators in the literature
(see, e.g., Kong et al., 2010). For series estimators, similar results were established for particular
choices of loss functions under more stringent conditions in the literature. For example, Belloni,
Chernozhukov, Chetverikov and Fernandez-Val (2019) considers series-based quantile regression,
and Theorem 2 and Corollary 2 therein can be used to establish a Bahadur representation and
uniform convergence of the resulting estimators under J4/n!=¢ = o(1) for some ¢ > 0.

The results in Belloni et al. (2019) are slightly stronger than our Theorem SA-3.1 in the sense that
the expansion holds uniformly over both the evaluation point x € X and the desired quantiles v € U
for a compact set of quantile indices U C (0,1). Our results regarding Bahadur representation can
be extended to achieve the same level of uniformity. In general, the parameter of interest (SA-2.1)
and the estimator (SA-2.2) are defined for each particular choice of the loss function within a
function class F. For the class of check functions used in quantile regression or other function
classes with low complexity, it can be shown that the Bahadur representation still holds uniformly
over the evaluation point z € X and the loss function p € F under rate restrictions similar to those

in Theorem SA-3.1, thereby providing an improvement over the literature. _
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SA-3.3 Pointwise Inference

Starting from this section, we consider statistical inference on u(()v) (x), Jo(x,w) and (o(z,w) based

on the following Studentized t-statistics:

i) (z) — pi ()

SO (@)

Iz, W) — Vo(z, w)

Ty p(x) = Y nd
g(x)/n
QA@:&%M—®WM)
| Oc(x)/n

The next theorem shows the pointwise asymptotic normality of the binscatter estimators.

Theorem SA-3.3 (Pointwise Asymptotic Distribution). Suppose that Assumptions SA-DGP,

SA-SM, SA-HLE and SA-RP(i) hold, sup,cx E[[¢(yi,mi)|"|xi = «]

v v 2v_ _v_
Jm(logn)m + JU—I(logn)V—l
n n

< 1 for some v > 3, and

~

+nJ =273 = o(1). Then the following conclusions hold:

(i) For i) (a),

sup |P(T,w) p(z) < u) — @(u)‘ =o0(1), foreachzx e X.
u€eR

(ii) For 9(z,W), if, in addition, |W — w|| = op(\/J/n), then

sup |P(Ty p(z) < u) — @(u)‘ =o(1) for eachz € X.
u€R

(ii) For C(z,W), if, in addition, |W — w|| = op(\/J3/n + (logn)~/2), then

sup [P(T¢ p(x) <u) — @(u)‘ =o(1) foreachz € X.
u€R

Remark SA-3.4 (Improvements over literature). The result in this subsection is new to the
literature, even in the case of non-random partitioning and without covariate adjustments, because
it takes advantage of the specific binscatter structure (i.e., locally bounded series basis). The closest
antecedent in the literature is Belloni et al. (2019), which focuses on series-based quantile regression

only. Furthermore, relative to prior work, our results allow for more general partitioning schemes,
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formally take into account the potential randomness of the partition, and account for the semi-
linear regression estimation structure. The key condition imposed on the partition for pointwise
inference is Assumption SA-RP(i), and the “convergence” of the random partition is not required.

-

SA-3.4 Integrated Mean Squared Error

In this section we give a Nagar-type approximate IMSE expansion for each of the three estimators

~

i (x), 1/9\(:):, w) and Z (x,w), with explicit characterization of the leading constants. Define

, Tl (@) v -7k
To,v('r) - (p+ 1 — U)!fX(JZ)p"_l_U P+1—v( hz )

where &,(+) is the mth Bernoulli polynomial for each m € Z, 75 is the start of the interval in the

non-random partition Ag containing x and h, denotes its length.

Theorem SA-3.4 (IMSE). Suppose that Assumptions SA-DGP, SA-SM, SA-HLE and SA-RP

(including SA-RP(ii)) hold. Let w(x) be a continuous weighting function over X bounded away
v 2v v
Jv=2 | Jv—T1 (], v— J(1 7 1 2
t n0gn+ (Zgn) + (O»,%n) + (Oan) :O(l)

from zero. Also, assume tha
(i) For it (),

14+2v

2
/ <ﬁ(v)<m) _ M(()v)(g:)) w(z)dr = AISE, ) + O]P( + J—Q(p+l—v))
X

where

1+2v Ji+2v

E[AISE, ) X, W, A] = “——%(p, 5,0) + J 201702, (p, 5,0) + op

_,_J—?(erl—v))7
Y(p, s,0) = J~UF2) trace (QOIEOQOI/ bgjs) (x)bl(fs) (m)'w(:n)dx) =1,
X

B (p,5,v) := J2p+2_2”/

2
| (78) = B0 Q5 Byl i o (wi)]) () 51

(ii) For 9(z, W), if |W — w| = op(\/J/n+ JP7Y), then
~ 2 J
/ (19(:6,@) — ﬁo(x,w)> w(x)dr = AISEy + Op(— + J—2(p+1)>
X n
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where

E[ATSE|X, W, A] = iﬂyn(p, s) + J2P ) g, (p, s) + Op(i . J72(p+1)>,
n n
Yn(p, s) := J ! trace <Q6120Q51/ novl(x,W)pr’s(a:)bpys(x)'w(x)dx) =1,
X

Palp5) = 2 [ [ () (1 0(2) = Bpa(0) Q) Bl )i, wilriso 0] | (o) S 1.
X
(iii) For Z(x,v/\\/), if |W—w|| = op(\/J3/n+ JP + (logn)~1/2), then

/X (6(:c,\7v) - CO(x,w))Qw(x)da: = AISE; + oP(‘f + J—Qp)

where

3 3

—~ J J
E[ATSE|X, W, A] = 7, (p.s) + J 7%, (p.s) + 0z

+J7),
Yn(p, s) := J 3 trace (Qo_lfngo_l/ 77071(x,w)2b1(,2(x)b§,2 (a:)@(m)dx) =1,
X

Z(p5) 1= 7 [ [ (75.4(0) = @) Qp Elbya) e wr o)) oo < 1

In general, %, (p,s,v) 2 1 (see Remark SA-3.7 in Cattanco et al. (2024b)), and thus the above
theorem implies that the (approximate) IMSE-optimal number of bins satisfies that Jyusg =< nﬁ
Relying on the IMSE expansion in Theorem SA-3.4, one may design a data-driven procedure to

select the IMSE-optimal number of bins for nonlinear binscatter-based M-estimators.

Remark SA-3.5 (Improvements over literature). The results in this subsection are new to the
literature, even in the case of non-random partitioning and without covariate-adjustments, for both
nonlinear series estimators and binscatter (piecewise polynomials and splines) nonlinear series es-
timators in particular. Furthermore, our results allow for random partitioning schemes, formally
take into account the potential randomness of the partition, and account for the semi-linear regres-
sion estimation structure. We highlight the key conditions imposed on the partition (Assumption
SA-RP) for the approximate IMSE expansion. The “convergence” of the random partition (As-
sumption SA-RP(ii)) is needed to derive the non-random variance and bias constants %;,(p, s) and

B (p, s). |

21



SA-3.5 Uniform Inference

Recall that (a, : n > 1) is a sequence of non-vanishing constants. We will first show that the
(feasible) Studentized t-statistic processes Tw) ,(-), Ty p(-) and T¢,(-) can be approximated by

Gaussian processes in a proper sense at certain rate.

Theorem SA-3.5 (Strong Approximation). Suppose that Assumptions SA-DGP, SA-SM, SA-HLE
and SA-RP(i) hold,

J(logn)? n (J(log n)’

2
nt=v n

2
(logn) +nJ M2 =o0(a;?) and ———2"— =o(1).

1/2
—2p—3
) +nJ + Tl N

Then the following conclusions hold:

1) On a properly enriched probability space, there exists some K, s-dimensional standard normal
Y Y D,
random vector N, . such that for any § > 0,
byo(z) T/Q 1/

P( sup | T, (%) = Z,0) ()| > £a;1> =o0(1), Z,w,(z) = = Nk, .-
r€X Q,(2)

If Assumption SA-RP(ii) also holds with tgp = o(a;,*(logn)~1/2), then

b (@) T4 Qy ' =y

_ 0
P( sup |T,w) (%) = Z,) ()| > 5%1) =0(1), Z,wy(x) =" Nxk, .-
TEX Q0 (2)

(i3) If |[W — w|| = op(a,*\/J/n), then on a properly enriched probability space there exists some

K s-dimensional standard normal random vector N, . such that for any £ > 0,

B B E ”/I\" -1
P( SUp [T p(2) — Zo ()| > 5) —o(1), Zyy(a) = ol Tealt Qg
zEX Qy(z) ’
If Assumption SA-RP(ii) also holds with tgp = o(a;, ' (logn)~1/?), then
b L -1
P< sup |T19,p($) B Zﬂ’p(l’)’ > 5(1”1) _ 0(1)’ Zg,p(a:) — p70(l‘) 5770,1(357W)Q0 2[1)/2NKP’S-
TEX Qﬁ(l’)

(iii) If |W — w|| = op(a,; ' (v/J3/n + (logn)~1/?)), then on a properly enriched probability space
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there exists some K s-dimensional standard normal random vector N, , such that for any

£>0,
_ _ b ()T z,w)Q !
P<sup Tep(e) = Zep(@)] > sa;1> —ot), Zeyla) = O TG MIQT oy
e (@)
If Assumption SA-RP(ii) also holds with tgp = o(a;;*(logn)~1/2), then
by () i (2, w)Qy !
(s Tepo) = Zeplo)] > €71 ) =ol1), Zoyli) = 221 L5 N, .
TEX QC(SL‘)

The approximating processes Zu“’),p(')’ Z9p(-) and Z¢,(-) are Gaussian processes conditional
on X, W and A, and Z,w p(1), Zop(+) and Z,(-) are Gaussian processes conditional on A by
construction. In practice, one can replace all unknowns in Z;Av),p(')’ Zyp(+) and Z¢ ,(+) (or Z,w (),
Zyp(-) and Z¢ ,(+)) by their sample analogues, and then construct the following feasible (conditional)

Gaussian processes:

5o o P@TQUIS L BN Q S
w0 p(2) = — Kps = — o
Qu(v) ('1") QH(U) (:L')
. bpo(z) T.fo1 (z, W)Q~ 1SV B ()0 (2. @) OS2
Zg p(x) = p,0(T) 770,1( )Q = p,s( )770,1(A )Q Ny
V(@) Qo ()
) e o R i Yo
Ec (2) = bz(;,())(QT)’T;TIO,l(-T,W)Q 121/2N% B bgg(x)'noJ(x,w)Q—lEl/? ;(
7p - — p’s o — p’s’
Qc(iﬁ) Qc(x)

where N;(p,s denotes a K, s-dimensional standard normal vector independent of the data D and
the partition A.

For ease of presentation, we will always require a fast convergence rate of w hereafter: ||w—w| =
op(a;, lm) Nevertheless, note that as shown in Theorem SA-3.5, such a rate restriction on w

can be different for inference of ¥y (z,w) and (o(z,w) and are unnecessary for inference of u(()v) ().

Theorem SA-3.6 (Plug-in Approximation). Suppose that Assumptions SA-DGP, SA-SM, SA-
HLE and SA-RP(i) hold,

2 7\ 1/2 2
ot (M) sy G 010 o),

2
TL177 n n
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v

2v_ v
SEETL —o(1), and W — w| = op(a;t/T/n).

Then on a properly enriched probability space, there exists a K, s-dimensional standard normal

random vector N}(p . independent of D and A such that for any £ >0,

(i) IP’(suprX 12,0 (@) = Zyr ()] > Eat|D, 3) — os(1),
(ii) P((supycx | Zo,p(@) = Zo,(@)| > €a;'|D,A) = op(1),
(iii) P((super | Zp(x) = Zeplw)] > a7 D, A) = op(1).

If Assumption SA-RP(ii) also holds with tgp = o(a;, *(logn)~1/?), then

(iv) P(supwex |2#<v)7p(x) - Zu(v)’p(x)] > 5&;1‘D,3) = op(1),

(v) P(supser | Zo,() = Zop(@)| > €0, D, A) = op(1),

(i) P(supsex | Zep(w) = Zep(@)| > €a;!|D,A) = op(1).

Remark SA-3.6 (Improvements over literature). Theorems SA-3.5 and SA-3.6 provide empirical
researchers with powerful tools for uniform inference based on binscatter methods. Importantly, we
allow for random partitioning schemes, formally take into account the potential randomness of the
partition, and construct a novel strong approximation of nonlinear binscatter-based M-estimators
under mild rate restrictions. For a, = y/logn and v > 4, we require J5 /n = o(1), up to logn
terms. In the literature, similar results were only available in some special cases under stringent
rate restrictions. For instance, Belloni et al. (2019) considers strong approximations of more general
series-based quantile regression estimators. For the binscatter basis considered in this paper, their
Theorem 11 can be applied to construct strong approximation of the t-statistic process based on
pivotal coupling that achieves the approximation rate a, = n~¢ under J* /=% = o(1) for some
constants e,/ > 0, whereas their Theorem 12 can be used to construct strong approximation
based on Gaussian processes under J°/n'=¢ = o(1). It should be noted that their notion of strong
approximation is stronger than ours in the sense that it holds uniformly over both the evaluation
point x € X and the desired quantile u € U for a compact set of quantile indices & C (0, 1).

On the other hand, our methods allow for other loss functions (e.g., Huber regression), a large
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class of random partitions, and semi-linear covariate adjustment, leading to new results that were

previously unavailable in the literature. _

Theorems SA-3.5 and SA-3.6 offer a way to approximate the distribution of the whole t-statistic
process based on (") (.), 5(, w) or Z(, w). A direct application of these results is the distributional

approximations to the suprema of these t-statistic processes.

Theorem SA-3.7 (Supremum Approximation). Suppose that Assumptions SA-DGP, SA-SM, SA-
HLE and SA-RP (including SA-RP(ii)) hold,

J(logn)?
%‘Fﬂj 2P3+nJ 12 ((lOgJ) )
2v

JrEIq Py ~
(s ™T _ 1), |l —w|| = OP(1 /7nlggj), and  trp = o(im)

Then,
sup IP’( sup | T, ,(@)] < u) - IP( sup |2u(v)’p(x)| < u‘D, 3)‘ = op(1),
u€R reX reX
sup IP’( sup [Ty p(z)] < u) - IP(sup ]219710(9:)\ < u’D,A)‘ =op(l), and
u€eR zeX zeX
sup IP’( sup |T¢ p(x)] < U> - P( sup |2C7p($)| < U‘D, 8)‘ = op(1).
u€R reX reX
SA-3.6 Confidence Bands
Let
Ty (@) = [B(2) % 0\ () /],

ng’p(x,w) [ T, W) % ¢y (x)/n] and
fgp(az,w) [ T, W :ECC\/ /n}

be confidence bands for u(()v)(-), Jo(-,w) and (o(-,w) respectively, where ¢, ¢y and c¢ are cor-

responding critical values to be specified. Recall that w here is taken as a fixed evaluation point
for the control variables, and these bands are constructed based on a certain choice of J and the

pth-order binscatter basis. Using the previous results, we have the following theorem.

25



Theorem SA-3.8. Suppose that Assumptions SA-DGP, SA-SM, SA-HLE and SA-RP(i) hold,

Jlogm)? |\ 7-2p—3 nJ 1 = o((log J)™1),

2
nt=v

2v v
Ju—l 1 v—1 ~
Mosm)™2 — (1), and ||W— wl| :oP<./—nlng).

(i) If ¢,y = inf {c € Ry : Plsup,cx |2u(v)’p(fﬂ)| <c|D,Al>1- a}, then

P[N(()v)(x) S TM(U)’])(fL‘), for all x € X} =1—a+o(l).

(ii) If ¢y = inf {c € R, : Plsup,e | Zop(@) < c|D,A] > 1 - a}, then

P[ﬁo(x,w) € f197p(a;,w), for all x € X] =1—a-+o(1).

(iii) If ¢ = inf {c ER, : Plsupyey | Zep(z)| < ¢ |D,A] > 1 - a}, then

]P’[Co(a;,w) € fC,p(az,W), for all x € X] =1—-a+o(1).

Remark SA-3.7. The above results construct valid uniform confidence bands for nonlinear binscatter-
based M-estimators under mild rate restrictions. Specifically, when v > 4, we require J 3 /n=o(1),
up to logn terms. In contrast, Belloni et al. (2019) considers more general series-based quan-
tile regression estimators, and Theorem 15 therein can be used to construct confidence bands for
binscatter estimators via various resampling methods under J*/n'=¢ = o(1) for some ¢ > 0. Fur-
thermore, our results allow for random partitioning schemes, formally taking its randomness and
generic structure. The key condition imposed on the partition for the validity of confidence bands
is Assumption SA-RP(i), but the “convergence” of the random partition (Assumption SA-RP(ii))

is not necessary. _
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SA-3.7 Parametric Specification Tests

As another application, we can test parametric specifications of u(()v) (x), Yo(x,w) and (o(z,w). We

introduce the following tests:

Hg(v) ;. sup ‘,u((]v)(a:) —m® (; 0)‘ =0, for some 6, vs.
rzeX

AL sup ‘uff’)(fv) — m(“)(x;e)’ >0, forall .
reX

where m(z; ) is some known function depending on some finite dimensional parameter 6. This
testing problem can be viewed as a two-sided test where the equality between two functions holds
uniformly over x € X. In this case, we introduce 6 and ~ as consistent estimators of 8 and =y

(@) . C .
under Hf *. Then we rely on the following test statistic:

. 2 (z) — m®(x:0
Tu(v)’p(-r) = il /)\ ( )

The null hypothesis is rejected if sup,¢x ’Tu(”),p(x)’ > ¢, for some critical value ¢, ).

Similarly, to test the specification of J¢(z,w), we introduce

Hg : sup |[Yo(z,w) — M(m,w;@,'yo)‘ =0, for some 6, vS.
TeEX

HY : sup [0o(z,w) — M(m,w;@,‘yo)‘ >0, forall 6.
TEX

where M (z,w;0,70) = n(m(x;0) + w'~y). We rely on the following test statistic:

Typ(x) := ¥, ®) - M(w, &0, 7.
7 Qﬂ(ﬂﬁ)/”

The null hypothesis is rejected if sup, e [Ty ()| > ¢y for some critical value cy.

To test the specification of {y(z,w), we introduce

Hg : sup ‘Co(:z,w) — M(l)(x,w; 9,70)’ =0, for some 0, vS.
zeEX

Hg : sup ‘Co(x,w) — MWD (z, w; 9,’70)) >0, forall@.
TEX
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where MM (z,w; 0, ~0) := 1M (m(z; 0) + w'~o)mP (x;0). We rely on the following test statistic:

r ZZC>\7\V _M(l) ZL‘,\/I\V;B,;;’

The null hypothesis is rejected if sup,c y |T¢ »(2)| > ¢¢ for some critical value c.
Theorem SA-3.9 (Specification Tests). Suppose that the conditions in Theorem SA-3.8 hold.

(i) Let ¢, = inf{c € Ry : Plsup,ey |2, ,(7)| < ¢[D,A] > 1—a}.

Under Hg(v), if supgex | (2) — m®) (2 6)| = 0]1»( 7{;;;3), then

lim ]P’[sup \T ) ()] > ¢ (v)} = Q.
i AR B

n—o0

Under Hff;v), if there exist some fired O such that sup,cy |m) (z:0) — mW (2;0)| = op(1),

1/2
and J”(%) = o(1), then

lim P| sup ]Tu(v),p(l’)! > C,ﬁv)} =1
Te

n—oo

(it) Let ¢y = inf{c € Ry : P[sup,cy |2197p(1')’ <¢D,A]>1-a}.

Under HY, if sup,e |90(z, w) — M (z,W; 0.7)| = 0[5»(1 / %), then

lim P| sup [Ty ,(z)] > c] =a.
zeEX

n—oo

Under HY,, if there exist some fized @ and 7 such that sup,c | M (z, W; 0,5)—M(z,w;0,7)| =
1/2
op(1), and J" (%) =o(1), then

lim P| sup [Ty ()] > ¢| = 1.
n—oo TEX

(iii) Let ¢ = inf{c € Ry : Plsup,c | Ze p(2)| < ¢|D,A] > 1 —a}.
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Under Hg, if supge . [Co(z,w) — MW (2, W; 0.7)| = 0]1»(1 / %), then

lim }P’[sup T¢ p(2)] > c} = a.
zeX

n—o0

Under HS,, if there exist some fized O and 4 such that sup, y MO (z, W 0, F)-MD(z,w;0,7)| =

1/2
op(1), and Jv (%) =o(1), then

nh_)rrolo]P 21612 T p(x)] >¢| = 1.

SA-3.8 Shape Restriction Tests
The third application of our results is to test certain shape restrictions on u(()v) (x), Yo(x,w) and
Co(z,w). To be specific, consider the following problem:

I:ISL(U) . sup () (z) — m)(2;0)) < 0 for certain 6 and ¥ v.s.
TEX

Hl/iw) . sup (W (x) —m® (2;0)) > 0 for 6 and 7.
TEX

This testing problem can be viewed as a one-sided test where the inequality holds uniformly over
. () () ~ _
z € X. Importantly, it should be noted that under both Hfj = and Hy ', we fix 8 and 7 to be the
same values in the parameter space. In such a case, we introduce 0 and ~ as consistent estimators
of @ and 4 under both H “ and Izlim. Then we will rely on the following test statistic:
W) — m ) (2:0)

T, (2) : .
14 Y ~
Qu(v) (x)/n

The null hypothesis is rejected if sup,¢y Tu<”>,p(x) > ¢, for some critical value ¢ ).

Similarly, define the test for the shape of ¥o(x,w):

HY : sup (Jo(x,w) — M(x,w;80,7)) <0 for certain @ and 7 v.s.
TeEX

[e=]

. sup (Yo(x,w) — M(z,w;0,7)) > 0 for 6 and 7.
zeX

0:
>
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We will rely on the following test statistic:

O(x, W) — M(z,w;0,7)

Ty p(z) :=
' o)

The null hypothesis is rejected if sup,¢y T197p(ac) > ¢y for some critical value cy.

Also, define the test for the shape of (o(z,w):

HS : sup (Co(z,w) — MM (2, w;0,7)) <0 for certain 6 and 5 v.s.
reX

[en]

H - sup (Co(x, w) — MW (2, w;6,7)) > 0 for 6 and 7.

TeEX

b=

We will rely on the following test statistic:

Tg,p(x) =

The null hypothesis is rejected if sup,¢y Tcyp(a:) > ¢¢ for some critical value c.

The following theorem characterizes the size and power of such tests.

Theorem SA-3.10 (Shape Restriction Tests). Suppose that the conditions in Theorem SA-3.8
hold.

(i) Assumesup,cy |m(z; 6)—m(z;0)| = O[p( 7{;:3) Letc, @) = inf{c € Ry : Plsup,cx 2u<v>7p(:1:) <

D, A >1-al.

. (’U)
Under HE

lim[[”[su T v (T) > ¢ 1,}<04.
Jim P sup T, ) p(T) >y | <

. v 1/2
Under A%, if J(%) = o(1),

lim ]P’[sup Tu(v),p(ﬂf) > Cu(v)] =L

n—o0 rEX

(it) Assume sup,ey |M(x,w; 6.5) — M(z,w;0,7)| = O[P(\/;ﬁ:;;>. Let ¢y = inf{c € Ry :
Plsup,ex Zop(w) < D, A] > 1-a}.
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Under |:|19,
lim P| sup Ty ,(z) > cﬁ] <a.
n—oo rEX

. 1/2
Under HY, if JV (%) =o0(1),

lim P| sup Ty, (x) > C§:| =1
n—oo reX

(iii) Assume sup,cy |[M® (2, W;0,7) — MY (z,w;0,7)| = 0]}»(,/%). Let ¢ = inf{c € Ry :
Plsup,ex Zep(2) < ¢[D,A] > 1 - a}.
Under |:|8,
) ; “u
i P sup T p(x) > %} <a

. 1/2
Under HS, ,if JY (%) =o(1),

nlgn;op[jlelg Tep(x) > CC] =1
Remark SA-3.8 (Improvements over literature). The results in Sections SA-3.6-SA-3.8 are new
to the literature, even in the case of non-random partitioning and without covariate-adjustments,
because they take advantage of the specific binscatter structure (i.e., locally bounded series ba-
sis). Furthermore, relative to prior work, our results allow for a large class of random partitioning
schemes, formally take into account the potential randomness of the partition, account for the gen-
eralized semi-linear structure, and consider an array of possibly nonlinear estimation and inference
problems. In particular, the approach taken in Theorems SA-3.5 and SA-3.7 to establish strong
approximation and related distributional approximations for nonlinear binscatter statistics may be
of independent interest. The key condition imposed on the partition for uniform inference (confi-
dence bands and hypothesis testing) is Assumption SA-RP(i), while “convergence” of the random

partition (Assumption SA-RP(ii)) is not required. _I
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SA-4 Implementation Details

SA-4.1 Standard Error Computation

In Section SA-3, we have given the variance formulas SA)H(U) (x), Qﬁ(l’) and @C(m) that can be used to
obtain the standard errors of 7i(*)(z), ¥(z, W) and (2, W). Recall that the formula for the estimator
S of p is
S = B [Bp.s (20)Bp,s (02) ¥ i )"0 (i) + wiA)?].

It only relies on known or estimable quantities such as the derivative of the loss function (), the
derivative of the inverse link function () (-), the residual € and the binscatter estimates fi(-) and
5. Thus, 3 and other types of heteroskedasticity-robust “meat” matrix estimators can be easily
constructed using the data. Then, it remains to obtain an estimator Q of Q (or Qp), which in
general relies on an estimator W (+) of ¥;(-) and can be constructed in a case-by-case basis. In the

following we discuss several examples.

Example 1 (Least Squares Regression). For least squares regression, the loss function p(y;n) =
%(y—n)2 and the (inverse) link function n(#) = 6. Therefore, ¢ (y;,n;) = —¢; and n; 1 = 1. Thus, the
formula for Q given in Section SA-3 reduces to E, [lA)p7s(xl-)Bp,s (x;)'], which is immediately feasible

in practice.

Example 2 (Logistic Regression). For logistic regression, the loss function is given by the

corresponding likelihood function, i.e., —p(y;n) = ylogn + (1 — y)log(1l — n), and the inverse link

69
1+ef”

is given by the logistic function 7(0) = Accordingly, an estimator of Qg is given by

~

Q = By [Byo(i) by () (1 = )], 7 = n(file) + WA,

Example 4 (Quantile Regression). For quantile regression, p(y;n) = (¢ — 1(y < n))(y —n) for

some ¢ € (0,1) and n(#) = 6. Accordingly, ¥ (y;,n;) = 1(e; < 0) — ¢, and one needs to estimate

Qo = E |bps(zi)bys(xi) fyjxw (o) + wivolzi, wi) |-

The key is to estimate the conditional density fy|xw (+|z;, W;) evaluated at the conditional quantile

of interest (uo(z;) + Wivo), whose reciprocal is termed “sparsity function” in the literature. Many
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different methods have been proposed. For example, the sparsity function is simply the derivative of
the conditional quantile function with respect to the quantile, which can be estimated by using the
difference quotient of the estimated conditional quantile function. Alternatively, Qo can be viewed
as a matrix-weighted density function, and one can construct a corresponding estimator based on
kernel density estimation ideas. In addition, one can use bootstrapping methods to estimate the
variance, avoiding the technical difficulty of estimating the sparsity function. See Section 3.4 and

Section 3.9 of Koenker (2005) for more discussion of variance estimation for quantile regression.

SA-4.2 Number of Bins Selector

We discuss the implementation details for data-driven selection of the number of bins, based on
the approximate integrated mean squared error expansion in Theorem SA-3.4.
We offer two procedures for estimating the bias and variance constants, and once these estimates

(@n(p, s,v) and ”/ZL(p, s,v)) are available, the estimated optimal J is

We always let w(z) = fx(z) as weighting function for concreteness.

SA-4.2.1 Rule-of-thumb Selector

A rule-of-thumb choice of J can be obtained based on Corollary SA-3.2 in Cattaneo et al. (2024b),
which gives an explicit characterization of the variance and bias constants for least squares bin-
scatter using piecewise polynomials (s = 0).

Specifically, the variance constant ¥ (p,0,v) is estimated by

“/7(;0,0,11) = trace{(/o1 <p(z)<p(z)'dz)71 /01 0 (2)®) (2 dz} X — ZO‘ T, W) f (;L'Z)Q

where ¢(2) = (1, 2,...,2P), 5%(z;, w;) is some estimate of the conditional variance V[y;|z;, w;] and
fx(x;) is some estimate of the density fx(z;). On the other hand, the bias constant %(p,0,v) is

estimated by

o Bpr1v(2)PPdz 1~ [P ()

Bl 000) = B S X 5 2 F
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where Z,(z) = (=1)? 30 _, (£) (1) (—z)k/(if) for each p € Z, and a1 (z;) is some preliminary
estimate of ,u(()pﬂ)(xi). The details about getting the estimates o2(xz;, w;), Fx (z;) and a®+H)(z;)
can be found in Section SA-4.1 in Cattaneo et al. (2024b).

This procedure still yields a choice of J with the correct rate, though the constant approximations

are inconsistent for general loss.

SA-4.2.2 Direct-plug-in Selector

The direct-plug-in selector is implemented based on nonlinear binscatter estimators, which applies
to any user-specified p, s and v. It requires a preliminary choice of J, for which the rule-of-thumb
selector previously described can be used.

More generally, suppose that a preliminary choice Jpre is given, and then a binscatter basis
prs(x) (of order p) can be constructed immediately on the preliminary partition. Implementing
a nonlinear binscatter estimation using this basis and partitioning, we can obtain the variance
constant estimate using the variance matrix estimators discussed in Section SA-4.1.

Regarding the bias constant, the key unknown in the expression of the leading approximation
error 75, (z) in Theorem SA-3.4 is uép 1) (x), which can be estimated by implementing a nonlinear
binscatter estimation of order p + 1 (with the preliminary partition unchanged). Also, an estimate
of fx(z;)~!in o0 (z)is J ilxl where ibxz denotes the length of the interval in A containing x;. All
other quantities in the expression of #(p, s,v) can be replaced by their sample analogues. Then, a
bias constant estimate is available.

By this construction, the direct-plug-in selector employs the correct rate and consistent constant

approximations for any nonlinear binscatter with any choice of p, s and v.

SA-4.3 Fixed J and choice of polynomial order

Our main theory treats J as diverging with the sample size. This reflects the standard approach
wherein a researcher selects p and s in advance (often s = p = 0 or s = p = 3) and then selects
J given the data. The partition must get finer to remove the nonparametric smoothing bias in
estimating the function po(z) (and along with it, Jo(x,w) or (o(x,w)). Correct recovery (either for

estimation or visualization) of these functions is the primary use of binscatter. However, researchers
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sometimes prefer to pre-specify a fixed J = J, and we also discuss implementation and interpretation
of binscatter in this case.

Instead of modeling J as diverging and searching for the optimal choice, a researcher may desire
a fixed (often small and round) number of .J, which we denote by J. This is done either to make the
estimate more visually appealing or because the results can be directly interpreted. In this case,
instead of recovering the functions ,u(()v) (x), Jo(z,w), and (o(x,w), the binscatter is interpreted as
estimating their coarsened versions: the distribution of y; conditional on x; lying in a (fixed) bin,
rather than at a single point. For some J, this remains interpretable and all our inference results
apply to this case. For example, in our application we can take J = 10 and study the distribution of
uninsured rate for each decile of income. The confidence bands then become pointwise confidence
intervals that are simultaneously valid. For example, this could be used to examine inequality in
health care access by asking if median uninsured rates are statistically different between the top
and bottom decile.

A fixed J is also interpretable, and applicable, if x; is discrete. Then each mass point is given
its own bin and the results apply to the conditional distribution of y; given z; = x. Again, our
theoretical results apply directly to this case and one obtains simultaneous inference over the set
of points. Cattaneo et al. (2024b) give further discussion and examples.

As a practical compromise between the visual appeal and interpretation of a small, fixed J and the
demand for consistent estimation, we propose a novel, albeit ad-hoc, adjustment to the estimator
aimed at addressing the smoothing bias left by fixing J by adjusting the choice of polynomial order
p. The standard approach fixes p in advance and selects J based on the data, but we can invert

this and search for the value of p for which the fixed J would be IMSE-optimal. That is, we solve

for
pse(J, v) = argmin | Jyse(p, v) — J|, (SA-4.1)
peEP
where in principle the set P is all nonnegative integers, but in practice P = {pnin, Pnin+1, - - -, Pnax —

1, Pnax }, for some integers 0 < ppin < Ppax. The (in)flexibility of fixed J = J is offset by changing
the polynomial approximation. This may have some practical appeal, but our theoretical results

in the next section continue in the standard case of fixed p and diverging J.
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To implement the data-driven choice pyse(J, v), users needs to specify the desired (often small)
number of bins J, the derivative order v of interest, and a (finite) set P of acceptable polynomial
orders. The size of P is usually small since in practice p = 3 or 4 often suffices to yield a small
IMSE-optimal number of bins. Then, for each value of p in P, we can implement the rule-of-thumb
or direct plug-in procedure as described in Section SA-4.2 to obtain Jsg(p,v). The “optimal”

choice puse(J,v) is the value of p with the resulting Jiuse(p, v) closest to J.
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SA-5 Proofs

We begin with a subsection collecting some technical lemmas used in the proofs of our main results.
We then collect all the proof of the results presented in this supplemental appendix, which are in
several cases more general than those discussed in the main text. Some of our technical results may

be of more broad independent interest in the nonlinear series estimation literature.

SA-5.1 Technical Lemmas

We first give several simple facts about A in the following lemma, which are immediate from

Assumption SA-RP(ii).

Lemma SA-5.1 (Quasi-Uniformity). Suppose that Assumption SA-RP (i) holds. Then, (i) J~1 <

minlgjgj hj < maxj<;<J hj 5 J_l, (ZZ) maxi<;<J |7A'] — Tj| Sp tgp, and (ZZZ) Ae HgCQU w.p.a. 1.

Proof. By Assumption SA-RP(ii), len(X) = ijl h; > Jmini<j<yhj > cgyJ maxi<j<y h; where

len(X’) denotes the length of X' (which is a fixed number). On the other hand, len(X) < Jmaxi<j<y h;

< cqud mini<j<jh;. Therefore, cq_Uljfllen(X) < minj<j<shj < maxi<j<ghj < cqud len(X).
Next, by Assumption SA-RP(ii), max;<;<y |7j—7;| = maxi<j<| Z{Zl(ﬁl—hm < Jmaxy << |-

hi| < tre. In addition, maxi<j<y \h; — h;| < %caulJ_llen(X) < $minj<j<;hj w.p.a. 1, and thus

maxi<j<shy _ maxicj<y by + maxicj<y |hy = hyl

- x - x < 3cqu, w.p.a.l.
mini<j<s by minigj<g by — maxi<i<y [hy — Ryl

Then, the proof is complete. O

The next lemma then verifies Assumption SA-RP(ii) for the special case of quantile-spaced
partitions. The proof is available in the supplemental appendix of Cattaneo et al. (2024b) (see

Section SA-3.1 therein) and thus omitted here.

Lemma SA-5.2 (Quasi-Uniformity of Quantile-Spaced Partitions). Suppose that Assumption SA-
DGP(i) and SA-DGP(ii) holds and A is generated by sample quantiles, i.e., T = F)El(j/,]). If

Jlos 1 — 4(1) and 10%" = o(1), then Assumption SA-RP(ii) holds with 7; = Fy'(j/J) and tgp =

n

(259"
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The next three lemmas SA-5.3—SA-5.5 concern the properties of binscatter basis functions. Their
proofs are the same as those for quantile-based partitions that are available in the supplemental
appendix of Cattaneo et al. (2024b) (see Section SA-3.1 therein) and are omitted here to conserve

space.

Lemma SA-5.3 (Transformation Matrix). Suppose that Assumption SA-RP(i) holds. Then Bpﬁ(:n) =
'f‘sgp,o(:c) with | Tsllee <p 1 and |Ts|| <p 1. If, in addition, Assumption SA-RP(ii) holds, then

ITs = Tslloo Sp e and || Ts — Ts|| Sp vee-

Lemma SA-5.4 (Local Basis). Suppose that Assumption SA-RP(i) holds. Then sup,cy HBI(,US) (@)|lo <

(v 1.y
(p+1)2 and sup,cy |[bya(x)|| Sp J2H0.

The following lemma provides a particular way to define Bp(A) and ,@0 so that the required

approximation rate is achieved. We define

5°(A) = argmin E[(uo(x:) — bps(zi; A)YB)?,  B5° = BF(A).
BeRKD,s

Lemma SA-5.5 (Approximation Error). Suppose that Assumptions SA-DGP(i)(ii), SA-SM(v)
and SA-RP(i) hold. Then

sup sup [b{) (; A)BE(A) — ) (@) S TP and  sup [B) (@) B — u (2)| Sp TP
A€ell zeX reX

Next, the following maximal inequality is useful in our analysis. Its proof is available in Cattaneo

et al. (2024c) and thus omitted here.

Lemma SA-5.6 (Maximal Inequality). Let Zi,---,Z, be independent but not necessarily iden-
tically distributed random variables taking values in a measurable space (S;.7). Denote the joint
distribution of Z1,--- ,Zp by P and the marginal distribution of Z; by P;, and let P = %Z?:l P;.
Let F be a class of Borel measurable functions from S to R which is pointwise measurable. Let
F be a measurable envelope function for F. Suppose that HF\|L2@) < oo. Let ¢ > 0 satisfy

supfer | fll @) < 0 < 1F |l L,y and define F = maxi<i<n F(Z;). Then, with § =6 /|| F| L, s,

HﬁHLg(lP)J(&]:, F)?
NG :

E[ sup )jﬁz (#(2) ~ B[] S 1Pl TG, 7 F) +

fer
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where

)
J(6.F.F) = / \/1+saplogwf,L2<@>,s||FHL2<@>>de-
0

SA-5.2 Proof of Lemma SA-3.1

Proof. We write W; 1 := Uy (5, Wi ;).

(i) We first prove a convergence result for Q. In view of Lemma SA-5.3, it suffices to show the
convergence for s = 0. Let A, denote the event on which A el By Assumption SA-RP(i),
P(A%) = o(1). On A,,

< sup [En[bpo(zi; A)byo(2i A) Wy 107] — Elbpo(i; A)bpo(is A) Vi 107 || oo-
S

~ ~

En[bp.0(2:)Bpo(w:) Wiiy] = Ex [Bpo(@i)bpole:) Wity

Let ay; be a generic (k,l)th entry of the matrix inside the norm, i.e.,
lag| = En[bp,(),k(xi;A)bp,O,l(xi;A),‘lji,lnzz,l] - ]E[bp,(),k(xi;A)bp,O,l(xi?A),‘lji,mzﬂ .

Clearly, if b, 0 x(-; A) and b, 0,(-; A) are basis functions with different supports, ax; is zero. Now

define the following function class
g = {(xl,wl) — bp,07k($1;A)bp,07l(:z1;A)‘llinl-271 1<kiI<Jp+1),Ac H}.

We have sup,eg 9] < J and supgeg Vg < supgeg E[g?] < J, by Assumption SA-SM. Also, by
Proposition 3.6.12 of Giné and Nickl (2016), the collection G is of VC type with a bounded index.

Then, by Lemma SA-5.6,
1 n
sug . ZQ(%) — ]E[g(x,)]‘ <p v/JlogJ/n,
g€ i=1

~ ~

which implies ||E, [by,0(x:)bp o (i) Wi 1m2,] — B [byo(wi)byo(x:) Wi n?, ||| Se /T log J/n.

Then, the lower bound on the minimum eigenvalue of Q follows by Theorem 4.42 of Schumaker
(2007) and Assumption SA-RP(i). The upper bound immediately follows by Assumption SA-RP(i)
and Lemmas SA-5.3 and SA-5.4.
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Given the above fact, it follows that ||Q~!| <p 1. Notice that Q is a banded matrix with a
finite band width. Then, the bounds on the elements of Q™! and ||Q~!||o hold by Theorem 2.2 of
Demko (1977).

(ii) By Assumption SA-DGP and SA-SM, ‘I’i,lng is bounded and bounded away from zero
uniformly over 1 < ¢ < n. Then, E[b, s(z;)bps(zi)] < Qo < Elbps(xi)by s(x;)]. The desired
bounds on the minimum and maximum eigenvalues of Qg follow from Lemma SA-3.5 of Cattaneo
et al. (2024b).

Next, we show the convergence of Q to Qg. Let ay; be a generic (k,[)th entry of

~

Ex [by0(zi)bpo(:) Cian?1]/J — E[bpo(zi)bpo(a:) Ui 1n? 4]/ .

By definition, it is either equal to zero or

_ A \Y N 4
on = [ (557) et ss@an [ (572) wo (s
) J . ) ) ) J .
:hj/o 2Lo(zhy +75) fx (zhy + 7;)dz — hj/o Zo(zhy +15) fx (zh; + 7j)dz

1
:(hj — hj)/ zé(p(zhj + fj)fx(zhj + ?j)dz
0
1
+ hj/ 2* (gO(Zhj +75)fx (zhj +75) — p(zhj + 75) fx (zh; + Tj)>dz
0

for some 1 < j < Jand 0 < ¢ < 2p and p(z;) = E[s(x;, w;)|z;]. By Assumptions SA-DGP and

SA-SM and the argument in the proof of Lemma SA-3.5 of Cattaneo et al. (2024b),
[E& [y 0i)bp0(x:) Wi 1177] — Qoll e v

Since Q and Qg are banded matrices with finite band widths. Then, the bound [|Q~! — Qg Yoo

hold by Theorem 2.2 of Demko (1977). This completes the proof. O

SA-5.3 Proof of Lemma SA-3.2

Proof. Since E[y(y;, n;)?|x; = x, w; = w] and (7™ (uo(x) + w'~0))? is bounded and bounded away

~ ~ ~ ~

from zero uniformly over z € X and w € W, E,[b,, s(z;:)bp s(xi)] S > < E,[bps(zi)bps(xi)]. By
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the same argument in the proof of Lemma SA-3.1 (we can simply drop the additional term \lli,mz 1
in Q), the eigenvalues of E,, [IA)p, s (mi)B% s(z;)'] and thus X are bounded and bounded away from zero.
Then, the desired results follow from Lemma SA-3.1 and the fact that inf,cy HlA),(JUg(x)H > Jl/24v
w.p.a. 1 (it was shown in the proof of Lemma SA-3.6 of Cattaneo et al. (2024Db)). O

SA-5.4 Proof of Lemma SA-3.3

Proof. By Lemmas SA-5.3, SA-5.4 and SA-3.1, sup,cx ||B§,Ug(m)||1 <p JV7 Q7 |oo Sp 1 and

H'TSHOO <p 1. Recall that by Assumption SA-SM, ©(y;,n;) = wT(yi — m)wi(m) = wT(ei)wi(m).

Define the following function class

G = {(@r.wi.e0) = bpoa(ans A o) + who)vle)wim) 1 <1< J(p+ 1), A € 11,

Then, supyeg gl S VIt (e1)], and hence take an envelop G = Cv/J[{f(er)| for some C large

enough. Moreover, sup,cg V]g] £ 1 and G is of VC type with a bounded index. By Proposition 6.1

[log J n J2v=2) log J < logJ’
n n n

and the desired result follows. ]

of Belloni et al. (2015),

sup *Zg Ti, €i)

geg

SA-5.5 Proof of Lemma SA-3.4

Proof. Let 2; = by s (z;) Bo+w!yo and v(zi, wi, yi) := t(zs, Wi, yi; A) := 510 (yi, 1) =D (20 (yi, n(3:))

= Ay (w5, Wi, yi) + A2(zi, Wi, y;) where

Ay (i, Wi, i) == Ar (s, Wi,y A) = [0 () — 0D Gt (n(20))W T (yi, mi) and

Az (i, Wi, y5) = Az (@i, Wi,y A) i= W ()0 ((2)) [0 (yi, mi) — 07 (v, (20))).

First, by Assumption SA-SM and Lemma SA-5.5, sup,c y wew |7, () — W ED ()] S
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JP~t w.p.a. 1. Also, for every 1 <1< K, s and A €11,

by (3 ) (1106 () = 10 (b3 A)Bo(A) + W'y0)15* (B (5 AY Bo(A) + W)

= by s.1(2; A)mi 190t ;) —

ki+p Eki+p
bp,s(; AW”( D bps(@; A)Bop(A) + W”Yo) W( D bps(@; A)Bop(A) + W/’YO)
k=k; k=k,

for some integer k; € [1, K, ] where 8y ,(A) denotes the kth element in Bo(A). Then, the function
class G = {(z,w,y) = bpsi(x;A)A1(z,w,y;A) : 1 <1 < Ky, A € II} is of VC type with a

bounded index. By the same argument given in the proof of Lemma SA-3.3,

~ _/log J\1/2
B lbp.s () A (i, Wi )l oo S 7774 (225) 7

Next, let Zxwa be the o-field generated by {(z;, w;)}!'_; and A. Note that

~

En[gp,s(xi)A2(l‘i,Wi,yi)] = E,[E[bp s(x:)A2(zi, Wi, i) |- F xwal ]+

E, [Bp,s(ﬂfi)A2(xz‘, Wi, yi) — E[by s(2;) As (i, Wi, yi)’yXWA]} ~

By Assumption SA-SM(iii) and Lemma SA-5.5,

lféliag)%‘E[AQ('fivwivyi)‘ijWA”

= max [n® (by(2:) Bo + Wiv0) ¥ (i, wisn(2))| <p J P
1<i<n
Then, ’|En[E[Bp7S(IEi)A2(I’i, Wi, i) Fxwalllleo <p JP~171/2 by the same argument in the proof of
Lemma SA-3.1. On the other hand, define the following function class

G = {(ac,w,y) = bpsi(x; A)Ag(z, w,y; A) 1 < IS Ky ,A € H}.

By Assumption SA-SM, supgeg [|9lloc S JY/2, and supgeg Vig(zi, wi, vi)] S J~P~1. By a similar

argument given before, this function class is of VC type with a bounded index. Then, as in the
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proof of Lemma SA-3.3, by Proposition 6.1 of Belloni et al. (2019),

Ly _pr1 [logJ  JY2%logJ
sup *Z(g(m,wuyi)f]E[g(xi,Whyi)D)§PJ = \/?+ 24

n n
9€6 1" i

Collecting these results, we conclude that

o
=
&
o
|
=
o

JlogJ\1/2  J*VlogJ
og ) N ogJ

s (T3)e(xi, Wi, y)] SpJ P oy g <
n

n

The proof is complete. O

SA-5.6 Proof of Lemma SA-3.5

Proof. By convexity of p(y;n(-)), we only need to consider 8 = Bo + ea/V/J for any sufficiently

~

small fixed & > 0 and a € R5»= such that ||| = 1. For notational simplicity, let b; := by, s(z4).

For this choice of 3 and v € R¢,

5:(8.7) = p(ys; (BB + W) — p(yi; n(B}Bo + W)

ebia/\f PR N
= / b (y n(biBo + wiy + t))n“) (biBo + Wiy + t)dt.
0

Let Zxwa be the o-field generated by {(x;, w;)}i, and A. We have

1

Enl5i(8,3)] = = Galdi(8, 9)] + En [EI:(8,7)| Fxwal

where G,,[] denotes /n(E,[] —=E[|Fxwal), and E[6;(8,7)|-Fxwa] := E[0:(B,7)|Fxwally=5, i-e.,

the conditional expectation with 4 viewed as fixed. By Assumption SA-SM,

sb’la/\f N R
E[6:(B,¥)|Fxwal = / q’(% wi; n(biBo + Wiy + t))n(l)(b§/5'0 + wiy +t)dt
0

ebla/V/J (1) 3
- / W (1, wi: €1.) (n(BLBo + WA + £) — mi)n ™ (B0 + WA + )dt,
0

where &; ; is between n(ggﬁo+wﬁ+7§) and 7(po(z;)+wvo) and we use the fact that U(x, w;;n;) = 0.
By Lemma SA-5.5, the fact that 7(-) is strictly monotonic and 4 — 9 = op(\/J/n + prq) and

the rate condition imposed, we have E,[E[6:(3,7)|Zxwal] Zp e2/E,[b;b! Na/J Zp J 71
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On the other hand, let H := {7 : ||v — | < Ct,} and define the following function class

G:= {(%ywi,yi) = 8i(B,y) e Sfre v € H}

Note that

agga/\/j R R
Maw:A (i (BB + Wiy + 1)) = (i, ) )1 (BB + wiy + t)at +

sgga/\/j A
/ P(yismi)n™M (B]Bo + Wi~y + t)dt.
0

By Assumption SA-SM, we have supgeg g < e(1 + [¢(yi mi)|), || maxi<i<n |9 (v, 1) || o) S 27,

~

SUp,eg E.[E[¢*|Fxwal] Sp J'e?, and the VC-index of G is bounded by C'K, s for an absolute

constant C’ > 0. Therefore, by Lemma SA-5.6 and the rate restriction,

J2log J

1
nt=v

4 J1

sup [ =G, 58, )| e 71 (L8L)

Sup | 7 e=o(e/J).

Thus, for any fixed (sufficiently small) e > 0, E,[6;(3,7)] > 0 when n is sufficiently large. Thus,

18 — Boll = op(J~1/2), implying |8 — Bollso = op(J~1/2) immediately. m

SA-5.7 Proof of Theorem SA-3.1

Proof. The proof is long. We divide it into several steps.
Step 0: We first prepare some notation and useful facts. To simplify the presentation, in this

proof we drop the scaling factor v/J in the basis by defining

v

b = bys(20)/VT = (psi (i), bpsic,. (@) [V and By = V.

Throughout the proof, C, ¢, Cy,c1,Cy, o, - - denote (strictly positive) absolute constants, % xwa
denotes the o-field generated by {(z;, w;)}" ; and 3, and supp(g(-)) denotes the support of a

generic function g(-). Moreover, define

V={(v1, - ,vK,,) : Ik e{l, -, Ky} v < ol*te,, for | — k| < M,, and vy = 0 otherwise},

H ={ve REPs - IVloo <7y} forl=1,2, and Hz={ve R? . vl <7r3n},
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where ¢ € (0,1) is the constant given in Lemma SA-3.1, 71, = C1[(Jlogn/n)Y/? + J P~ ry,, =
3ton for3 >0, &, = 3'va, for 3’ >0, v, = [(%)3/4 logn—l—J_% \/%logn%— J 22 +1v], 130 =
Ct,, and M,, = c;logn. In the last step of the proof, we will consider 3 = 20 ¢=L,L+1,---,L
where L is the smallest number such that 2Er2n > ¢ for some sufficiently small constant ¢ > 0,
and &, is a quantity that we can choose. By Assumption SA-HLE, 4 — v € H3 with probability
approaching one for C' large enough, and by Lemma SA-3.5, \/j,é\ — By < ¢ with probability

approaching one.

For any 31 € H1,82 € Ho, v €V and ~ := 79 + 71 with 41 € Hs, define

0i(B1, B2,v,7) = P(yi;ﬁ(gg(ﬁo + 81+ B2) + sz’Y)) - P(yz'; n(b}(Bo + B1 + B2 — v) + Wb’))
- [n(f)%(ﬁo + B1 + Ba2) + wiy) — n(bj(Bo + B1 + B2 — v) + Wév)}
x 1 (yi,1(b}Bo + Wivo))

= /_(;U [?Z) (l/z‘, n(bi(Bo + B1 + B2) + Wiy + t)) - w<yi, n(biBy + Wg’Yo))}

i

x ) (Bg(éo + B1 + B2) + wiy + t) dt.

Note that §;(31,32,v,7) # 0 only if tv);v # 0. For each v € V, let J, = {j : v; # 0}. By
construction, the cardinality of 7, is bounded by 2M,, + 1. We have §;(31, 82,v,7) # 0 only if
lu)](xz) # 0 for some j € J,, which happens only when x; € supp(Bj(-)) for some j € J,,. Let
Ty = Ujeq, supp(Bj(')). Since the basis functions are locally supported, Z,, includes at most co M,
(connected) intervals for all v € V. Moreover, at most c3M,, basis functions in B() have supports
overlapping with Z,,. Denote the set of indices for such basis functions by J,,. Let BOJ, B1,; and

B2,; be the jth entries of BO, B1, and B respectively, and v; be the jth entry of v. Based on the

above observations, we have 6;(81, 82, v,7) = 6i(8y, 7,, B2 7,,v,Y) Where

0 v v
6i(ﬂ1,jva1@27ju7va7) = / . [7/)(.%07( Z bi,l(ﬁo,l +51,l +B2,Z) +W;’7+t))

9 <yi7 77( > bigBos + Wh’o))} X 77(1)< > bia(Bog + B+ Bag) + Wiy + t) dil; o,

lEj'u lEj'u

1;» = 1(x; € Zy), and B4,7, and By 7, respectively denote the subvectors of 81 and B2 whose
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indices belong to J,,. Accordingly, define the following function class

g = {(:C’Lawlayz) = 51(51,52,’0,’7) HEPNS V’El € RC3Mn7§2 € RCSMn?

1B1lloc < 1.ns 1Balloc < Pansy =0 € Ha }.

Step 1: We bound sup,g |En[g(zi, wi,yi)] — E[g(zi, Wi, yi)|-Zxwal| in this step. Let a;(t) :=

(X ieg, B;,lﬁvo,l + W}y +t). Define

a; = min {ai(0)7 ai( Z bi (81 + Bay) + Wé%) 7 ai( Z biy(Bry + Bay) + Wiy + Z Bi,j“j)} and

lEj’u lE 71) jejv
aj = max {ai(o% ai( > biy(Buy + Bay) + Wg’h) ; ai( > bii(Bri+ Boy) + wWim + > Bi,jvj> }
ledy l€Tw JE€ETw

Consider the following two cases.

First, suppose that (y; — a;, y; — a;) does not contain any discontinuity points. By Assumption

v

SA-SM, for all ¢ in the interval of integration [— .. 7 b;;jv;, 0] (or [0, =37 lu)i,jvj]),
‘lb(yi? ai( > bia(Bra + Bag) + Wiy + t)) = ¥(Yi,ai(0))| Srim +Tr2m +En + T30
1€Tw

Second, if (y; — @i, y; — ;) contains at least one discontinuity point, say j. For any ¢ in the interval

of integration, by Assumption SA-SM,

‘10(3/1', ai( > I;i,l(ﬁl,l+52,z)+wh+t)>—1/1(%, ai(0))| < 14rsn+1+[e(yi, m)) (rintrontentrsna)
1eJw

for any (x;, w;,y;), and in this case y; € (J + a;,7+ a@;). By Assumption SA-SM,

|ai - Qi| 5 (rl,n + T2.n + T3n + 5n)(|77i,1| + Tin + T2.n + T3n + 577,)-

By construction, for each v € V, there exists some k,, such that |vs| < ol*vle, for |0 — ky| < M,.

Therefore, we can further write 1;, = Zj:éj cz, Liw,; where each 1;,; is an indicator of the
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subinterval involved in Z,,, and the above facts imply that for any x; € l§l for some B\l C Iy,
VI5;(B1, B, v, )| Fxwal S AP VRN 1y gy e+ 130) (100] + T+ T2+ En + T3 0)-

In addition, since 6;(81, B2, v,7) # 0 only if x; € Z,,, for all g € G (each corresponds to a particular

v),

En[Vg(zi, wi, yi) | Fxwall S ea(rim +Ton +en+730) Y Enflig o@Dkl
1:B,C Ty

This inequality holds for any event in .#xwa. Define an event A; on which SUpP1<j<y E,[1;;] <
CaJ~! for some large enough Cy > 0 where 1;; = 1(x; € B’\]) By the argument in Lemma SA-3.1,

P(AS) — 0. On Aj,

52 = su1g) E,[V]g(zi, Wi, yi) | Fxwal] S €iJ_1(T1,n +ron 4+ En+130)
ge

On the other hand,

G:= sug l9(zi, Wi, vi)| S en(14+730+ [0 (Yi i) (T n+ron+en+730)) (1051]| + 710 +T2n+en+730).
ge

Also, for any g, g € G, denote the corresponding parameters defining g and § by (31, 32, v,) and

(/6171327 67 5’) We have

Al o o
9(wi, Wi, yi) — g(zi, Wi, i) :/0 W(fyi,ﬂ(bg(ﬁo + B1+ B2) + Wiy +1))
— ¥(y;, n(biBo + WQ'YO))] x W (BL(Bo + B + Ba) + Wiy + t)dt
A2 o o
= [ [t B+ 81+ B2 =) + iy + 1)

— Y (yi, n(B}Bo + Wé’)’o))} x fM(bL(Bo + B1 + B2 — v) + Wiy + t)dt
SA+M+N)(nipl+rip+ron+ A+ A3+ 13,)

% (1B = Bulloo + 1182 = B2) oo + 18 = vlloo + 17 =),
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where A1 = b}(81 + 82— B1—Ba2) + W' (¥—~) and Ay = A, —b)(—v). Based on these observations,

_ el = _ 1
|yG||p,2/'GP,2 \/1 + suplog N(G, Ly(Q). #|Gllgz)dt S 5 (+/log ] + | lognlog =) < 5 logn,
0 Q

where the supremum is taken over all finite discrete probability measures Q. Then, by Lemma
\/E[G?]log? n

Tn :

where G = maxj<;<n G(x;, w;,y;). Note that (IEE[(:§2])1/2 Sen(1+ nl/”(ﬁ,n +ron +T3m +En)).

SA-5.6,

E [SUP Gn[g(xiawiayi)]"gXWA] Sologn+
geG

Therefore, on A; (whose probability approaches one),

En[6(81, 82.0,7)] — Ea [E[5:(81, B2, v, 9| Fxwal |

sup
B1EH1,B26H2,vEV y1E€H3

W (1 1/v 2)( 2
S <J_16n\/£n\/210gn—I—6 (Ltn ns )(log n) >

for £, =110 + 120 + 130 + En.

Step 2: For Q := E,[b;b; U1 (ws, wi; n(bjBo + wiv0)) (1) (bifo + Win0))?], by Assumption SA-
SM and the same argument in the proof of Lemma SA-3.1, [Q — Q| V |Q — Q|| < JP~1J L.

Therefore,

sup V(Q—Q)(B1 + B2)| < TP e, (r10 + T20).
B1EH1,B26H,vEV

In addition, by Lemmas SA-3.3 and SA-3.4, ||B||oc < 71,, With probability approaching one for Cy

large enough, where

B:=-Q'E, [Bm(l)(lu)éléo + Wé’)’o)iﬁ(yu n(b;B + Wh’o))] :
Step 3: By Taylor expansion, we have

En [E[éi(/@h/@% U77)|£ZXWA]1|

0
=8| [ {Wenwin(biio + o1+ )+ wiy+0)

= Wi, wis (BB + Wino)) | x 0 (BY(Bo + B + Ba) + Wiy + 1) dt]
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0
=E, {/ ) {‘I’l(ﬂﬁz, wi; (b;Bo + Wivo)) (n(l)(bﬁo + wiv0)(b}(B1 + B2) + Wiy +1t)
—blv

512 (€0 (B (B + B2) + wim +1)°)
W, wisE0) (n(B(Bo + By + Ba) + Wiy + ) — m(bBlfo + wino)) )
< (10518 + W)+ 12 6 BB + )+ wi + 0

~ " 1 —
=v'Q(B1 + B2) + VE,[bizgwi]y — §va + 14 I + 111,

where & ; and & ; are between b8y + w0 and bl(By + 81 + B2) + Wiy +1, & is between (b3 +
wivo) and n(b(Bo + B1 + B2) + Wiy + 1), Wa(w, wit) = FaW(e,wir), 5 = Ui (o, wisn(B)fo +
wgfyo))(n(l)(lv);,éo + wgﬂyo))Q, V'E,[bisgwiv S enrsn/d, —%’UQ’U < €2/J, and LI, and III are

~

defined and bounded as follows:

0
I=E, [/ (2 n(DBo + W)™ (BiBo + Wivo)
fb;fu
@) (&) (BL(B1 + B2) + Wiy + t)thﬂi,v] S end M (Fin + Tom 4 n +130)2

0
I=E, [/13' Wy (25 m(biBo + Wivo)) x 77(2) (&) (BL(BL + Ba) + Wi +1)?

i

X 77 ( (160 + 061+ BZ) + Wf)’ + t) dt1; 'u:| End ™ l(rl,n +ron+éen+ r3,n)27

o 1 . o, Oy 2
I = By [/ 5 P2(8ie) (U(bg(ﬂo + B1 + Ba) + wiy +t) — n(biBo + wfm/o)>

/
—bjv

X 77( ( (/60 + 061+ /62) + W'fy + t) dt1; 'U:| End ™ 1(Tl,n +ropn +En+ TS,n)2-

These bounds hold uniformly for v € V, 81 € H1, B2 € Ha and 1 € Ha (that is, uniformly over
the function class G), and on an event A; N Ay where Ay = {)\maX(Q) < ¢4 J 71} for some large
enough ¢4 > 0. Note that P(A4; N A42) — 1 by Lemma SA-3.1.

Step 4: By Assumption SA-SM and Taylor’s expansion,

WZMMMM%+&+&HWM—MW%+&+&—@+ﬂwWWW@&+M%w
— B [ 0/Bith (i, m(B{B0 + wino) )™ (B8 + wino)

= B [0/but (s, 150 + wio)) (12 (@)1 + B2 — v) + wim) + 51 (E)o'bi) |
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5 J_l((Jlog n/n)l/Q + J_p_l)(gn +rintron+ T3,n)5n7

where &; is between B;Bo +w'~o and lv); (Bo+B1 +B82—v)+wly and §; is between lv); (Bo+B1 +082)+wiy

and lv);(,éo + B1 + B2 — v) + wiy. The last line holds on the event

o= s ([ [0 s (]

| e e )

where the supremum is taken over 81 € H1,82 € Ho,v € V,v1 € Hs and w; within the range

En [ bt (31, 1(B{B0 + wiyo) 1 (i) wi]

of & or &. Note that E[¢(yi, 7:)|-Zxwa] = 0 and B;Buo — po(w;) < J7P~L Then, we can use the
argument in the proof of Lemmas SA-3.3 and SA-3.4 to obtain P(A3) — 1 by choosing C3 > 0
sufficiently large.

Step 5: Let © = csenJ Q7 1y for some k such that |Ba x| = ||B2]leo for some c5 > 0 where
[Q k. denotes the kth row of Q~'. Note that v'QB2 = Box. Take v = (vy,--- ,VK,,) Where
vj = v; for |j — k| < M, and zero otherwise. Clearly, v € V on an event A4 with P(A4) — 1. On
Ay N Ay,

(v —0)'QBs| < Eanlrgynn*CG

for some large cg > 0 if we let ¢; be sufficiently large.
Step 6: Finally, partition the whole parameter space into shells: O = ng_wa where Oy =
{B € REps : 26_1t2,n <|B - BO — Bl < 2£t2,n} for the smallest L such that 2Lr2,n > ¢, and

QB = —E,[bin™ (b Bo+w!v0) ¢ (yi, n(BBo+W'v0))]. Define A = Nj_1A;j. Then, for some constant
L <

L, we have by Lemma SA-3.5 and the results given in the previous steps,

P18 — Bo — Blloo = 25ro0] Fxwa)
L
<®( U { jnt, sup Balols n(bi8 + wiF)) — plyssn(B{(8 —v) + wiA))] < 0| Fxwa ) +ox(1)
ve

{
—p(U{ Jnt sup {E oy n(B8 + W) — p(yssn(B(8 —v) + W)

— (B3B8 + wiF) — n(bi(B — v) + wiF)|w(yi n(biBo + Wﬁ))l%cw@ +
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En | (0(B{8 + WiF) = n(bi(8 — v) + WiF)) ¥ (vi, n(Bifo + wiF)) | +
TG o518+ WiA) = plussn((8 — ) + wiF)-
[n(bif3 +wiF) = n(B{(8 — v) + W) (s, n(bifo + wiA))| b < 0} Fxwa) + 0s(1)

g]}D(U{ sup sup sup supf‘ (A1) + 1(A7)G [i(ﬁhﬁ%%'?’)]‘ >

B1EH1 B2EHo ¢ y1EH3 VEV

C4J*12ng7nan} N A’ﬂXWA) + op(1)

L
SZ(CGJAQKITQ,nEn)*l]l(Al)E{ sup sup sup sup —G,[d -(ﬁl,ﬁQ,U,»y)]‘f]XWA} + op(1),
=L Bi1EH1 B2EH2 4 V1 EHZ VEV \/>

where G,,[-] is understood as v/n(E,[-] — E[-|Zxw]) in the above, we let &, = 2Ly, and 1(A;) is
an indicator of the event A;. Using the result in Step 1 and the rate condition, the first term in
the last line can be made arbitrarily small by choosing L large enough, when n is sufficiently large.
Then, the proof for part (i) is complete.

Step 7: To show part (ii) and part (iii), by Taylor expansion and the result in part (i),

(i) + W) = n(uo(z) +w'yo)
= 1 (n0(2) +w'0) (Bps (2)' B — puo()

~ ~ Jlogn
+ O (I = wll + 17 = ol +

+ P72 4l >

= — 1D (o (x) + W'y0)bps () Q K, [Bp,sm)m,lw(yi, )]

(@)3/4 logn + J~

192+1<J10g2n 1/2
n

+OP(J*P*1+ ) P !\W—WII>,

and

0D (@) + W3O (@) — 1O (uo(z) +w'yo) s ()
=1 (o) + w0) (A0 (@) — ) ()

+ Op((“”ffm)l/2 I @ w4 ) Op (1+ J((‘”Zg”)l/2 I )
= — ™ (no(@) + W) b (2) Q Enlbyps ()i (i, mi)| +

Op((JlZgn>1/2+Jp+J<J1(T)lgn)3/4 +J77(Jlo§ n>1/2—|—Jt7

51



(i (7))

In the above derivation the probability bound holds uniformly over z € X as well. Then the proof

is complete. ]

SA-5.8 Proof of Theorem SA-3.2
Proof. Since € := €; +1; — 1; =: ¢ + u;, we can write

~

B By (2:)Bypo(2:) 10 ()20 (€)7) = ElBps (0)Bps (20) m 102 (i, W)
= By By (i) By () 7210 () (01 (e + wi)? = 67()?) |

o+ Ex [Bys(w)bps(a) (2007 () = a0t ()2 )0 ()]

o+ Enlby,s (i) bp,s (20) 11 (4 3o 1)* = 0* (i, wi))

o (EalBp.s(w:)Bp.s(:) 1710 (i, wo)] = Elbys(w)bps(w) 10 (a1, wi) )

=V +Vo+V3+Vy,.

We bound each term in the following. The first part of the theorem only concerns Vi + V5 4+ V3,
and the second part needs a bound on V, as well where the additional Assumption SA-RP(ii) is

used.

Step 1: For V1, we further write Vi = V11 + V12 where
Vi 1= By [y, )by, (i) 0 () (1 e+ 00)? = (€)% ]
Vi 1= By By (i) By () (207 (00)2 = 04 (0)?) (0 e+ w)? = 07(e0)?) |.

Let 71, = C1(Jlogn/n)'/2 + J7P~! for a constant C; > 0. By Assumption SA-SM and Corollary
SA-3.1, maxj<i<p |ui| < 71, with arbitrarily large probability for C; sufficiently large. For Vi,
let J be the set of all discontinuity points of 9(-). Define 1, p := 1(¢; € D) and 1; pe := (1 —1;p)

where D :={a: |a — j| < ry1,y for some j € J}. Define

Vit = En By (00)by,s (20) 0} () (01 (66 + i) = v(e)? ) 1im |,
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Vi =E, [Bp,s(xi)gp,s(xi)/nz'z,l¢i(ni)2 <¢T(€l + ui)2 - ¢T(El)2) ]li,Dc] :
By definition of D and Assumption SA-SM,

Vi1 ]| S [1Ea[bp.s (i) bp,s () E[Ls p| Zxwallll + [|Enby,s (2:)bp.s(2:) (1.0 — E[L; p| Fxwal)]l-

By Assumption SA-SM and Lemma SA-3.5 of Cattaneo et al. (2024b), the first term on the right
hand side is Op(71,,). For the second term, conditional on .Zxwa, it is an independent sequence
with mean zero. Thus, we can apply the argument given in Step 3 below and conclude that the
second term is Op(+/r1,,J log J/n+ Jlog J/n). In this case, the indicator 1, p is trivially bounded
uniformly.

On the other hand, by Assumption SA-SM,

Vil S rin

B [bys () bps () n? 100F (i) 20T (5 + wi) + 0T (&) ]I

Since |¢| < 1(1+ ¢?) for any scalar ¢, we have

~

B [ Bp,s (00)Byps (i) m 1 (0?1461 (60)] | < 5B [Bps(@)Bys (i) 1 () (1 + 1 (€)?)| <o 1,

1
2
by Lemma SA-3.1 and the result in Step 3. In addition, we further write

~

B [bpﬁ(%)gp,s(ﬂfz‘)’nﬁlwi(?71')2\1#*(@‘ + ui)
=B By (i) B (@) m2 10 ()21 (62) + (01 (s + i) = T ()]
Repeat the previous argument to bound this term. We conclude that || V1] Sp riy.
V12 can be treated using the previous argument combined with the argument given in Step 2
and the result in Step 3. It leads to || Via|| Sp 71,0

Step 2: For V,, by Assumption SA-SM, Corollary SA-3.1 and the argument given later in Step

3, we have
IVall < max 22,6 ()? = 7220} 0)? [En By (2:)Bps(2:) 0 (€)?] | Se (Jlogm/m)'/2 77771,
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Step 3: For V3, in view of Lemmas SA-5.2 and SA-5.3, it suffices to show that

Jlog J\1/2
Enlbpo(wis A)bpolzis A)ny (i, m)? — (i wi))l| Se (s )

n v

sup
Aell

For notational simplicity, we write ¢; = 1(y;, 1) — 02(xi, Wi), 0; = @il (lpil < M) —E[pil(Jp;| <
M)|zi, wi], o = @il (|¢i| > M) — E[pi1(|¢i| > M)|zi, w;] for some M > 0 to be specified later.

+

Since E[p;|zs, w;] =0, ¢; = ¢; + ¢; . Then, define a function class

G= {($17W1,<P1) = by o, (21; A)bpop(@; Ao : 1< I< J(p+1),1<k<J(p+1),A€ H}-

For g € G, Z?=1 g($i>Wi><Pi) = 2?21 g(lﬁz’,wz’,(ﬂf) + 2?21 g(wi7Wi7¢;)'

For the truncated piece, we have sup g |g(wi, wi, ¢; )| S JM, and

sup Vlg(ar, wi, )] S sup  E[(¢; )P|lzi = a,wy =wlsup  sup  E[b7 o (w33 A)bg o (w35 A1)
geg rzeX , weW Aell 1<l,k<J(p+1)

SJM  sup E[\gm’
TEX , WEW

xi:x} < JM.

The VC condition holds by the same argument given in the proof of Lemma SA-3.1. Then, by

En[g(%wi’%_)]u - \/WJF JMloS(JM)_

Regarding the tail, we apply Theorem 2.14.1 of van der Vaart and Wellner (1996) and obtain

Lemma SA-5.6,

2

E [ sup
9g€eg

1
Cwi oD < == F2
E[Zleug) Enlg(zi, wi, o)) | \/EJE[ Enllef 2]

< =l o} )2 LB 1o} )

n Stsn
1
<L
~no ME=2)/4

where the second line follows from Cauchy-Schwarz inequality and the third line uses the fact that

E[[¢(y1,m)"]
ﬂ* < . \2 < 2/v + +11 < ZUPAIL UYL
Elmax [o/[] S E[max ¢(y;,n)"] S n"  and ElEn[l¢/ [l < Ellea "] S = 05—



Then the desired result follows simply by setting M = J = and the sparsity of the basis.
Step 4: For Vy, since by Assumption SA-SM, sup,cx wew E[(yi,ni)?|z; = ] < 1. Then, by

the same argument given in the proof of Lemma SA-3.1,

ps(:v“A)bp,s(xi;A)’nﬁla2(xi,wi)]“ <p v/ JlogJ/n and

sup

A€l H f
HEE [bp,s(ﬂfz')bp,s(xz‘)lﬁg,W(yz’, 772')2] —E [bp,s(mi)bp,s(xi)’nzlw(yi, 771')2] H <p v/Jlog J/n + tgp.

The proof for the first conclusion is complete.
Step 5: The results about ﬁu(v)(x), Qy(z) and Qc(SC) follow by Assumptions SA-SM and SA-
HLE, Lemmas SA-5.4 and SA-3.1, and Corollary SA-3.1. The proof is complete.

SA-5.9 Proof of Theorem SA-3.3

Proof. We first show that for each fixed z € X,

Q0 () 72D (@) Q7 G by s ()71 (i, mi)] =2 G [aitp (i, ms)]

is asymptotically normal. Conditional on .Zxwa, the o-field generated by {(x;, w;)}I~; and 3,
it is an independent mean-zero sequence over ¢ with variance equal to 1. Then by Berry-Esseen

inequality,

Zz EH%@Z}(M,WH |°76 ]
sup (G fast (i, mo)] < ul) - <>\<mm( R XWA)

By Lemmas SA-5.4, SA-3.1 and SA-3.2,

# iE [‘aﬂ/}(yi; 77¢)|3‘9XWA}

1 ~
SO — e ZE[b(U )Q~ lbp,s(l'i)m,ldj(yia77i)|3‘=ngWA}

2

n

_ 1 ~
SQw(@) ™2 — 575 . Zr 2)' Q by (2)[?

95



INCFRVF S n

) — Sup, Sup, ‘b ,S(x) Q b ,S(Z)| (v ~—112

< Qu(v)(fﬁ) 3/2 eXx ex n?i)l’/Q P § :|bz(),3(l‘),Q lbp,s(ﬂfi)|2
=1

1 J1+v

14+2v
SPW'\/E-J -0

since J/n = o(1). By Theorem SA-3.2, the above weak convergence still holds if . () is replaced
by QM@) (z). Then, the desired results follow by Theorem SA-3.1. O

SA-5.10 Proof of Theorem SA-3.4

Proof. We let ,@0 and 70, be defined as in Lemma SA-5.5. By Lemmas SA-5.5 and SA-3.1, Theorem

SA-3.1 and the results given in the proof of Lemma SA-3.4, we have

1) (@) — p (@) =Byps () (B — Bo) — Fo.0(x)
= — b () Qy 'Enlbp,s (:)mi19(yi, )] — b () Qg Ep[bp,s (1), ¥ (a5, Wiz 1)
R J1 3/4 Jlog? n\1/2
— Tou() + OP<J”{( :Lgn> Viogn + J " ( Of n) - t7}>,

where 7); = n(Bp,s (2:)'Bo +w!v). Recall that the Op(-) in the last line holds uniformly over z € X,
and thus the integral of the squared remainder is op(J'*2V/n 4+ J—2(°+1=v)) by the rate condition

imposed. Then,

)

AISE ) :/X (Bévs?(x)/QchEn[Bp,s(xz‘)m,ﬂ/f(yi,m)]

~ —~ 2
+ B (@) QG BBy (i) W (i, wis )] + Fo(2) ) w(a)dar

Next, taking conditional expectation given X, W and A and using the argument in the proof of

Lemma SA-3.1 again, we have

+ 2/2\?6‘,5,”2 (x)’Qo_lEn[BI,,S(xi)ni?l\I/(xi,Wi;ﬁi)]?oyv(x)w(:c)da:.
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By Assumption SA-SM, W(z;, w;; 1) = —W1i (2, Wis 05,0)ni170(24) + Op(J~2=2) where Op(-) holds
uniformly over 7. The terms in the last three lines correspond to the integrated squared bias.
Also, using the same argument in the proof of Lemma SA-3.1, E,[-] in the last two lines can
be safely replaced by Ex[-], which only introduces some additional approximation error of order
op(J 2P 2+20).

The proof of Theorem SA-3.4 in Cattaneo et al. (2024b) shows that

Foo(@) = i (2) — B () By

S ey
(p+1— )l fx (z)pHi—v P g

) AL
—p—13 (v - N H (xl) Ti— Ty —p—1+v
—-J7 lbé,g(x),QO 1T8E3 [bp,o(lii) (p+ f)!fx(xi)p+1éop+l (E)} +op(J7P 1+ )s

T

where 7L is the start of the (random) interval in A containing # and h, denotes its length. Then,
using the same argument as in the proof of Theorem SA-3.4 in Cattaneo et al. (2024b), we can
approximate the integrated squared bias by the analogue based on the non-random partition Ay,

e, [y (b (@) = BRA(2) Qq Blby,o(wi) (s, wi)rf o (2:)])w(w)da where

J—p—1l4v (p+1) _ +L
Tg) () = Fo (z) — Epti—v (x - >
’ (p+1—v)fx(z)pti—v ha

i ()

o T — Ty,
(p+ D! fx (z;)PH p+1( ha, >]

_ L

B (@) Q;  TLE [bp,om

The expression of the bias term can be further simplified. For both R, (z) = rg)’v () and Ry(x) =

7§, (), there exists some vector B such that sup, ¢y [p0(z) —bp,s(2:)' 8 — Ry(2)| = o(JP717) (see

Lemma SA-5.5 and Lemma SA-6.1 of Cattaneo et al. (2020)). Define
) = 15” (2) = b () Q) Bl o (1) iy Wi pao ()
Then, it follows that 7§, (z) = Ry(z) — b,.s(2)' Qg ' Elby,s () (i, wi) Ro ()] + o(JP~1+). Thus,

{7} o (x) = D) (2) Qg Elby s () se(wi, wi)rd o (@)}

—{[r5.0(x) = b (@) Qg Elbp,s(wi)se(s, wi)rg o (x:)]]} = o(J 7771
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Therefore, the expression of %, (p, s,v) given in the theorem holds.
Finally, the desired results in part (ii) and part (iii) follow by Theorem SA-3.1, the rate condition

imposed and the same argument for part (i). O

SA-5.11 Proof of Theorem SA-3.5

Proof. The proof is divided into several steps.

Step 1: Note that

sup

’ﬁ(”) () — (@) _ A@) g (@)
TeEX

Q0 (2)/n Qw0 (z)/n
‘rM( ) =i @)
Q0 () /1

SP(\/@—F \/ﬁJ-p—l—l/Q) (J_p_1 n Jloﬁgﬁn>

8

< sup
rzeX

sup
zeX

where the last step uses Lemma SA-3.2 and Corollary SA-3.1. Then, in view of Lemmas SA-5.5,

SA-3.4, Theorems SA-3.1, SA-3.2 and the rate restriction given in the lemma, we have

~@W) () b ()YO-1 -
H (f) po () i pﬂs_(x)Q Gnlbyp.s(zi)ni 19 (yi, ni)]
Q0 (x)/n \/m

Step 2: Let us write J (2, z;) = Q) (x)—1/2B§,?3 (a:)’Q_lgns(a:i) (the dependence of B,(fs) (7), Q

= OP(a;I).

sup
TeX

and Qu(v) (z) on X, W and A is omitted for simplicity), and 62(z;, w;) = E[¢T(&)2|2s, wi]. Now
we rearrange {7;}i_; as a sequence of order statistics {z(; }iLy, i.e., (1) < -+ < x(y). Accordingly,
{eidiy, {wi}, and {6%(zs, w;)}l_, are ordered as concomitants {ey},, {wp;} and {&[21.]}?:1
where 5[22.] = 52($(i),w[i]). Clearly, conditional on Zxwa (the o-field generated by {(x;, w;)} and
3), {W(e[i]) ?_, is still an independent mean-zero sequence. Then by Assumptions SA-DGP, SA-
SM and the result of Sakhanenko (1991), there exists a sequence of i.i.d. standard normal random

variables {([;)}7=; such that

¢
max || := max [ Y 1 (uo(x() + wiv0) Yt (ko () + wiv0)) ¥ (e)
i=1

1<t<n 1<4<n
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¢
- Z 1 (po(z () + wfl-]’)’o)iﬂi(??(ﬂo(x(i)) + Wi;70))1 G

i=1

1
Spnv.

Then, using summation by parts,

sup Z«%/ 2,201 (1o(2)) + Wigv0) L (i () + Wigv0)) (¥ () — G Gy)
n—1
= SIGIE %({B, x(n))Sn — Z SZ (%(w,:c(zﬂ)) - ,%/({L‘, x(l)))‘
r i=1

’\(v) /* 1 n—1
by s
< sup max |# (z,x;)||Sn| + sup bps(@) Q7

T rex 1<i<n rzeX / ) (l‘) =1

Sl( T(it1)) — Bp,s(m(i)))

QBN (55 5
< sup max \%(x x;)||Sn| + sup = Opsll) Z‘Si (bp,s(x(iﬂ)) — bns(x(i)))
zex 1< reX QO w (@) |11 1=
I = 00

By Lemmas SA-5.4, SA-3.1 and SA-3.2, sup, ¢ Sup,,cx | (2, 2;)| Sp V/J, and

Qb (x)
Qy(v) (.%')

<p 1.

~

1

sup
TEX

Then, notice that

n—1

Z @p,s,l(ﬂ?(iﬂ)) —gp,s,l(x(i)))

max Z’b (T (1)) gp’s,l(w(i)) max Sg’.

max
T I<I<K, ;4 1<¢<n
=1

1<ISKps

By construction of the ordering, maxi<;<r, Z?;ll ‘gp,s,l('x(z’-i,-l)) /l;psl( )‘ < /J. Under the

):oﬂn,

where we recover the original ordering. Since G, [Bp,s (z:)Cio (@i, Wwi)ni1] =a17wa N(O, ) (=41 7xw

rate restriction in the theorem, this suffices to show that for any £ > 0,

> gagl a

(Slel?z ’G (z, )" (1o (1) + Wivo) (W (yi, i) — (i, wi) )]

denotes “equal in distribution conditional on Zxwa”), the above steps construct the following

approximating process:
: by (2)'Q !
Z,u(u) p(x) =

1/2
7 - !Nk, ..
Q0 ()
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Step 3: Suppose that Assumption SA-RP(ii) also holds. Note that

Sup | Z,,) (%) = Z,,0) ,(2)]

zeX
b(v Q-1 1y _ b@ (YO /_
< sup (2)'(Q Qo )EI/QNKP,S 1 sup (7)'Qq (21/2 _ Eé/Z)NKp,S i
T€X /Q”(U) T€X /Qu(”)(x)
b(v) z)(Ts —
sup .0 o(@)'( Qo I/QNK,,S + sup ( )b,(fj ’T Q- 121/2N
veX \/T weX \/T m
=14+11+1I1+1V,

where each term on the right-hand side is a mean-zero Gaussian process conditional on Zxwa. By

Theorem SA-3.2 (see Step 4 of its proof), sup,cx |Qu(“)( z) — Q0 ()] Sp J2(\/Jlogn/n + tep).

By a similar calculation given in Step 1 and the rate condition imposed, the last term is op(a,!).

By Lemmas SA-5.3 and SA-3.1, |Q ' — Q;'| <p /JlogJ/n and ||Ts — T4|| <p \/JlogJ/n.
Also, using the argument in the proof of Lemma SA-5.4 and Theorem X.3.8 of Bhatia (2013),
|31/2 — 2(1)/ 2H <p \/Jlog J/n. By Gaussian Maximal Inequality (van der Vaart and Wellner, 1996,
Corollary 2.2.8),

E[1+ 1T+ 11| Fxws] e Vg T(IEY2 = 2% +1Q7" = Qg + 1T, = Toll) = oz(a; ")

where the last line follows from the imposed rate restriction. Then the proof for part (i) is complete.
The results in parts (ii) and (iii) immediately follow by Theorem SA-3.1 and the fact that the
leading variance term in the Bahadur representation for 5(:6, w) or ¢ (x,w) differs from that for ji(z)

or M (z) up to a sign only. O

SA-5.12 Proof of Theorem SA-3.6

Proof. This conclusion follows from Lemmas SA-5.4, SA-3.1, Theorem SA-3.2 and Gaussian Max-

imal Inequality as applied in Step 3 in the proof of Theorem SA-3.5. O
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SA-5.13 Proof of Theorem SA-3.7

Proof. We first show that

sup ]P’( sup |T,w) ,(z)] < u) - IP’( sup |Z,,v ()] < u)‘ = o(1).
ucR TEX zeX

By Theorem SA-3.5, there exists a sequence of constants &, such that £, = o(1) and

P

sup |T (o) . (x)| — sup | Z () .. (T ‘>£ a):ol.
xeXl 1 p(@)] xeXl 1 (@) > &n/an (1)

P(sup Ty, ()] < ) < P({ 500 T,00, )] < wp 0 {[ s0p 17,000, 0)] = 502 2,00, (@)]| < Enfan}) + (1)

<P(sup |2, ,(0)] < utEnfan) +o(1)
reX

3)]

ﬁ)} +o(1).

Sup 12,00, (@)| = u| < &n/an
rzeX

< ]P’(sup 1Z,w) p(@)] < u) + supIE[IP)(
reX ’ u€R

sup | Z,,w) ()| — u‘ <& /an

<P(sup|Z,w ,(2)] < u) + E[sup]P’(
TeX ' TEX

u€R

Apply the Anti-Concentration Inequality conditional on A (Chernozhukov et al., 2014) to the

second term:

sup IP’(
u€eR

U | 2,0, (2)] — | < & /a

R) < 4600, B[ 5up |7, , ()] [A] + o(1)
TEX reX

<p §na;1 logJJ +o(1) = 0

where the last step uses Gaussian Maximal Inequality (see van der Vaart and Wellner, 1996, Corol-

lary 2.2.8). By Dominated Convergence Theorem,

=l

3)} — o(1).

Sup 12,00, ()| = 0| < &afan
reX

The other side of the inequality follows similarly.
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By similar argument, using Theorem SA-3.6, we have

sup IP’( sup |2M<v>7p(x)| < u‘D, ﬁ) - IP’( sup |Z,w) ,(z)] < u‘&)‘ = op(1).
ucR zeX zeX

Then, it remains to show that

sup IF’( sup |Z,w) ,(z)] < u) - IF’( sup | Z,w) ()| < u\ﬁ)‘ = op(1). (SA-5.1)
u€R zeX reX
We can write o)
bpt](] (CC), -

Z

) p(2) = —=— ———Ng,0
V/BU @)y Vbl (@)

where Vo = T.Q,'%0Q,'T;s and NKp,o = T;Qalﬁé/QNKp’s is a K o-dimensional Gaussian
random vector. Importantly, by this construction, N K, and Vg do not depend on A and z, and
they are only determined by the deterministic partition Ag.

First consider v = 0. For any two partitions A1, As € 11, for any x € X, there exists £ € X such
that

bz(,%(m; Ay) = b](,%(fb; Ay),

and vice versa. Therefore, the following two events are equivalent: {w : sup,cx |Zp(z; A1) <u} =

{w :sup,ex | Zp(z; Ag)| < u} for any u. Thus,

E{IP’( sug)( 1Z,w) p(@)] < u’ﬁ)] = P(jlelg |Z,w p(@)] < u‘ﬁ) + op(1).

S

Then for v = 0, the desired result follows.

(v)

For v > 0, simply notice that Bp,O

(x) = %vgpp(x) for some transformation matrix T,. Clearly, T,
takes a similar structure as '/I\‘S: each row and each column only have a finite number of nonzeros.
Each nonzero element is simply ﬁ;“ up to some constants. By Lemma SA-5.2; it can be shown that
1T — Toll < JV\/Jlog J/n where T, is the population analogue (iL] replaced by h;). Repeating
the argument given in the proof of Theorems SA-3.5 and SA-3.6, we can replace %U in ZM(U)’p(x)

by T, without affecting the approximation rate. Then the desired result for T« ,(z) follows by

repeating the argument given for v = 0 above.

62



Finally, the result for Ty ,(x) (T¢ ,(x)) follows by the fact that Zy,(x) and Zg,p(x) (Z¢p(x) and

Eg,p(w)) differ from Z ) ,(z) and Eu(w,p(:n) up to a sign only. O

SA-5.14 Proof of Theorem SA-3.8

Proof. We only consider 1, . (). The results in part (ii) and part (iii) follow similarly.
Let {1, = 0(1), &2, = 0(1) and &3, = o(1). Then,
]P Sup ’Tu(v)p(m)‘ S cy,(“) S ]P) Sup |Zlu,(v)7p(x)‘ S cp,(”)}p + El,n/an:| + O(]‘)
zeX _meX

<P Slelg |Z p(@)] < (1= a+&n) + (€1 + E2) /an| +0(1)

leeX

<P sup\Z ), ( )| gco(l—a—i—&w)] +o(1) = 1—aq,

where c?(1—a+&;,,) denotes the (1—a+&; ,,)-quantile of sup, ¢y \ZM(U)vp(x)] conditional on Fxwa
(the o-field generated by X, W and the partition 3), the first inequality holds by Theorem SA-3.5,
the second by Lemma A.1 of Belloni et al. (2015), and the third by Anti-Concentration Inequality

in Chernozhukov et al. (2014). The other side of the bound follows similarly. O

SA-5.15 Proof of Theorem SA-3.9

Proof. We only consider the proof for part (i). The results in part (i) and part (iii) follow similarly.
Throughout this proof, we let &1, = o(1), &2, = o(1) and &3, = o(1) be sequences of vanishing

constants. Moreover, let A, be a sequence of diverging constants such that v/log JA, < /57

Note that
-~ _ W) (v) 0
: i [ —m\)(x;
sup | T}, ,(2)| < sup M + sup ( )‘
vex X Q@) /n b e O 0 (@
< (V)
Therefore, under Hf
(x) —m ®)(g; 0
P sup| uw (@) > cu(v)] < ]P’[sup| ) p(@)] > ¢, ) — sup ) ( H
zeX zeX zeX Q’u(v)(x
(U W) (o
z) —m\Y(z;0
< B 50p 2,00, > €0 — Evna — sup L AELT )H To(1)
TeX reX Q0 (z)/n
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< P[Sgp 1Z ) p(@)] > (1= a = E&n) = (§10 + E2n) fan—

(v) (V) (.
sup Fo (a:z m " (z;6) H +o(1)
oe Q0 (2)/n

< ]P’[sup ]ZH(U>,p(:E)| >A(1—a-— 53,,1)] + o(1)
zeX

=a+o(1)

where ¢?(1—a—&;,,) denotes the (1 —a—&; ,,)-quantile of sup,¢ y ‘Zu(”),p(m) | conditional on .Zxwa
(the o-field generated by X, W and &) the second inequality holds by Theorem SA-3.5, the third by

) (2:0
Lemma A.1 of Belloni et al. (2015), the fourth by the fact that sup,c |M‘ = op(—=)

V@) @)/n viogJ

and Anti-Concentration Inequality in Chernozhukov et al. (2014). The other side of the bound
follows similarly.

On the other hand, under HZ(U),

P Sup! L p(T)] > C,m}
txeX

_ _ v) 9 W) (-0 (U) 0
=P|sup |T,w (x)+ (x +m (@:8) —m 7

P /\ ‘ M
reX Vo \ Qo (2)/n

®) (40 @) (2:0) — m® (2: 0
m\Y) (z; m\¥) (x; m\¥) (z;
>P|sup|T,w) ,(z)] < sup HO ) ( ) + ( A) ( )‘ - CM(U):|
L e zeX u<” Q0 (2)/n
>P supr S(@)] < VIog JA, — 51,n/an] —o(1)
-reX
>1-—o0(1).

where the fourth line holds by Lemma SA-3.2, Theorem SA-3.2, Theorem SA-3.5, the condition
that JYy/Jlog JJ/n = o(1) and the definition of A,,, and the last by the Talagrand-Samorodnitsky

Concentration Inequality (van der Vaart and Wellner, 1996, Proposition A.2.7). O

SA-5.16 Proof of Theorem SA-3.10

Proof. We only consider the proof for part (i). The results in part (i) and part (iii) follow similarly.

Throughout this proof, the definitions of A,,, £1,n,&2.n and &3, are the same as in the proof of
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Theorem SA-3.9. Under I:lg(v),

. @) (2:0) — m® (z: 0
m\¥) (x; m\¥) (z;
sup T, ,(z) < sup T),v) ,(x) + sup | ( A) ( )|
TEX TEX TeEX Q“(v) (1‘)/’/1
Then,
. i @) (2:0) — m® (z: 0
m\¥) (x; m\¥) (x;
P[SUETH(H)J;(ZL') > cu(v)] <P su)p;T#(v)p(x) > ¢ — Sug | ( A) )/ ( )’]
Te LzE TE 0 (v)(.’E n
o
<SPl sup Z,w) (%) > ¢ — fl,n/an:| +o(1)
TeX
<P sup 7,01, (1) > (1~ 0= E) = (€1 + &) /an +0(1)
S
< P| sup Z#(U)J,(a:) >A(1—a- §3m)} +o(1)
treEX
=a+o(1)

where (1 —a—&;,,) denotes the (1 —a— &3 ,,)-quantile of sup,¢ v ZM@,)’p(x) conditional on .Zxwa

(the o-field generated by X, W and ﬁ), the second line holds by Theorem SA-3.5, the third by

Lemma A.1 of Belloni et al. (2015), the fourth by Anti-Concentration Inequality in Chernozhukov

et al. (2014).

On the other hand, under Hx(v),

(v) —m@ (r-0
.. x) —m\Y(x;
P[SUP T, p(2) > Cuw)] = P[SUP (Tu(w,p(m) + Ko ( z (x:6) _ Cu“f)) > 0}
T€X TEX Q0 (z)/n
() — m® (z; )
> B[ sup T, , ()] < sup FOZ — s
T€EX T€EX Q0 (z)/n
(v) @) (10
z) — m\Y(x;
sup Ho 1 (2;6) > CM(U)]
reX Q0 (x)/n
- (v) (20
z) — m\Y(x;
> P| sup \TM(U)’p(ac)\ < sup Ho_( /)\ (z:6) — cu(w} —o(1)
Lrex TEX Q0 (z)/n
>P suE\TN(U)vp(x)\ < +/log JA,L} —o(1)
-xre
> P| sup | 2,0, ()] < V10g J Ay — €10/an] — o(1)

txeX
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>1-o0(1)

where the third line holds by Lemma SA-3.2, Theorem SA-3.2, Lemma A.1 of Belloni et al. (2015),
the assumption that sup, ¢ [m®) (z; 6) — m™(z;0)| = op(1) and JU\/Jlog J/n = o(1), the fourth
by definition of A,,, and the fifth by Theorem SA-3.5, and the last by Proposition A.2.7 in van der
Vaart and Wellner (1996).

References

Belloni, A., Chernozhukov, V., Chetverikov, D., and Fernandez-Val, 1. (2019), “Conditional Quan-

tile Processes based on Series or Many Regressors,” Journal of Econometrics, 213, 4-29.

Belloni, A., Chernozhukov, V., Chetverikov, D., and Kato, K. (2015), “Some New Asymptotic
Theory for Least Squares Series: Pointwise and Uniform Results,” Journal of Econometrics, 186,

345-366.
Bhatia, R. (2013), Matriz Analysis, Springer.

Cattaneo, M. D., Crump, R. K., Farrell, M. H., and Feng, Y. (2024a), “Binscatter Regressions,”

Working paper.

Cattaneo, M. D., Crump, R. K., Farrell, M. H., and Feng, Y. (2024b), “On Binscatter,” American
FEconomic Review, 114, 1488-1514.

Cattaneo, M. D., Farrell, M. H., and Feng, Y. (2020), “Large Sample Properties of Partitioning-

Based Series Estimators,” Annals of Statistics, 48, 1718-1741.

Cattaneo, M. D., Feng, Y., and Underwood, W. G. (2024c), “Uniform Inference for Kernel Density

Estimators with Dyadic Data,” Journal of the American Statistical Association, forthcoming.

Chernozhukov, V., Chetverikov, D., and Kato, K. (2014), “Anti-Concentration and Honest Adap-

tive Confidence Bands,” Annals of Statistics, 42, 1787-1818.

66



Chernozhukov, V., Imbens, G. W., and Newey, W. K. (2007), “Instrumental Variable Estimation

of Nonseparable Models,” Journal of Econometrics, 139, 4-14.

Demko, S. (1977), “Inverses of Band Matrices and Local Convergence of Spline Projections,” SIAM

Journal on Numerical Analysis, 14, 616-619.

Devroye, L., Gyorfi, L., and Lugosi, G. (2013), A Probabilistic Theory of Pattern Recognition,

Vol. 31, Springer Science & Business Media.

Giné, E., and Nickl, R. (2016), Mathematical Foundations of Infinite-Dimensional Statistical Mod-

els, Vol. 40, Cambridge University Press.
Koenker, R. (2005), Quantile Regression, Vol. 38, Cambridge University Press.

Kong, E., Linton, O., and Xia, Y. (2010), “Uniform Bahadur Representation for Local Polynomial
Estimates of M-Regression and Its Application to the Additive Model,” Econometric Theory, 26,

1529-1564.

Sakhanenko, A. (1991), “On the Accuracy of Normal Approximation in the Invariance Principle,”

Siberian Advances in Mathematics, 1, 58-91.
Schumaker, L. (2007), Spline Functions: Basic Theory, Cambridge University Press.

van der Vaart, A., and Wellner, J. (1996), Weak Convergence and Empirical Processes: With

Application to Statistics, Springer.

Zhang, H., and Singer, B. H. (2010), Recursive Partitioning and Applications, Springer Science &

Business Media.

67



	Introduction
	Notation

	Setup
	Partitions

	Main Results
	Preliminary Lemmas
	Bahadur Representation
	Pointwise Inference
	Integrated Mean Squared Error
	Uniform Inference
	Confidence Bands
	Parametric Specification Tests
	Shape Restriction Tests

	Implementation Details
	Standard Error Computation
	Number of Bins Selector
	Fixed J and choice of polynomial order

	Proofs
	Technical Lemmas
	Proof of Lemma SA-3.1
	Proof of Lemma SA-3.2
	Proof of Lemma SA-3.3
	Proof of Lemma SA-3.4
	Proof of Lemma SA-3.5
	Proof of Theorem SA-3.1
	Proof of Theorem SA-3.2
	Proof of Theorem SA-3.3
	Proof of Theorem SA-3.4
	Proof of Theorem SA-3.5
	Proof of Theorem SA-3.6
	Proof of Theorem SA-3.7
	Proof of Theorem SA-3.8
	Proof of Theorem SA-3.9
	Proof of Theorem SA-3.10


